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Given the important role that the galaxy bispectrum has recently acquired in cosmology and
the scale and precision of forthcoming galaxy clustering observations, it is timely to derive the
full expression of the large-scale bispectrum going beyond approximated treatments which neglect
integrated terms or higher-order bias terms or use the Limber approximation. On cosmological
scales, relativistic effects that arise from observing the past light cone alter the observed galaxy
number counts, therefore leaving their imprints on N-point correlators at all orders. In this paper
we compute for the first time the bispectrum including all general relativistic, local and integrated,
effects at second order, the tracers’ bias at second order, geometric effects as well as the primor-
dial non-Gaussianity contribution. This is timely considering that future surveys will probe scales
comparable to the horizon where approximations widely used currently may not hold; neglecting
these effects may introduce biases in estimation of cosmological parameters as well as primordial
non-Gaussianity.
PACS numbers: 98.62.Py; 98.80.-k; 98.80.Jk; 98.62.Ve; 98.65.-r; 04.25.Nx
I. INTRODUCTION
Gravitational instability drives the evolution of primordial perturbations (as set out by e.g., the inflationary process)
into the large-scale structure (LSS) we observe today. In the standard model of cosmology, gravity is described by
general relativity (GR). However, for simplicity, to study and describe the formation of LSS, different approximations
are routinely used. For example, we treat large and small scales differently and, on scales well inside the Hubble
horizon, we use several aspects of Newtonian gravity. This small vs large-scale splitting has provided an excellent
approximation to interpret observations so far, but it may not hold for upcoming LSS surveys, that will probe scales
approaching the Hubble horizon, where the Newtonian approximation breaks down. Moreover, observations are
performed along the past light cone, which brings in a series of local and nonlocal (i.e. integrated along the line of
sight) corrections, usually called GR projection effects (hereafter they will be abbreviated as GR effects or corrections),
which are not included in the “standard” treatment, where only the local distortion of the radial pattern of the galaxy
distribution due to peculiar velocities is considered and the flat-sky limit is assumed (for example see [1, 2])1.
Forthcoming and future surveys will probe very large scales, comparable to the horizon size, where GR effects may
not be neglected. Large survey volumes also imply very small statistical errors, enabling high-precision measurements
of large-scale structure clustering. Such precision must be matched by high accuracy; hence accurate theoretical
modelling is required to correctly interpret the measured clustering signal. For this reason, the study of these GR
effects on first-order statistics of large scale structure (e.g., the galaxy power spectrum or the two-point correlation
function) has received significant attention in recent years, see e.g. [9–34], but also the pioneering work of [35]. These
GR corrections can be implemented in mock galaxy catalogs using the technique recently developed in [36] (see also
[37]), while N-body simulations that include dynamical space-time variables in the weak-field approximation have
?Marie Sk lodowska-Curie fellow
1 In this paper we do not consider “standard” the magnification due to gravitational lensing which modifies the observed number counts
in flux-limited samples (for example, see [3–7]) at linear order, and [8] for weak lensing effects on the galaxy three-point correlation
function.
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2been studied in [38–42], and full numerical relativity simulations have been developed in [43–45].
It is important to note that, for an accurate modeling of first-order statistics, calculations in LSS beyond linear
order are needed. Recently the second-order GR effects have been derived [46–55] and include contributions such as
lensing, gravitational Sachs-Wolfe (SW) and integrated Sachs-Wolfe (ISW) effects, primordial non-Gaussianity and
bias (see e.g. [8, 56–65], the recent review [66] and references therein). It is interesting to note that, while for cosmic
microwave background studies the second-order evolution of perturbations in GR has a longer history [67–76], only
recently LSS observations are reaching a comparable level of accuracy to warrant generalisation of the treatment
beyond linear order.
Besides the first-order statistics, higher-order statistics encode highly complementary information, which, while
at possibly lower signal-to-noise ratios compared to the power spectrum, is nevertheless of crucial importance. In
particular, the bispectrum can offer a direct handle on galaxy bias [56, 59, 66, 77–80] and on primordial non-Gaussianity
[57–59, 61, 64, 65, 81–84], as well as helping to break other degeneracies among cosmological parameters [85]. The
expression of the bispectrum at tree level using the Newtonian approximation has been known for a while (see for
example [86]) and subsequent improvements have been developed by [87–94], always within the Newtonian framework
(see also [95–97]).
Until very recently, any modeling of the galaxy bispectrum has relied on small-scales approximations, neglecting
relativistic effects and radial correlations, given that LSS precise measurements were available only on relatively small
scales. However, galaxy surveys are now at the point in which measurements of LSS are becoming extremely precise,
and will be available on very large scales, therefore reaching the regime in which, as said above, a proper GR treatment
is necessary and approximations such as the plane-parallel one fail. Hence, it is timely to have a full expression of
the galaxy bispectrum in GR, avoiding approximations that are, in principle, inaccurate for correlations on very large
scales. To this aim GR, bias and light-cone effects must be computed beyond linear order, at least to second order in
the perturbations [52, 54, 55, 63].
Various investigations on modeling the bispectrum including GR effects on large scales have been made recently.
In particular, [49, 50, 52, 53] compute the three-point correlation function in configuration space, including only
some projection terms, but not the bias and relativistic perturbation solutions at second order (i.e. results obtained
in [70, 71, 98–101]); Refs. [54, 55] analyzed the bispectrum in Fourier space including some bias terms but not
nonlocal integrated terms (which [52, 53] showed can be dominant for long radial correlations). In addition, the
flat-sky limit is assumed even at very large scales, where this approximation has been shown to fail for the two-point
correlation case [15, 33, 102–105]. Of all the possible GR effects, it is well known that, at least on first-order statistics,
magnification bias and wide angle corrections are the dominant ones [18, 23, 25, 36, 105]. These are also expected
to be important for higher-order statistics, but other contributions may turn out to be comparable; a full numerical
investigation for different surveys is needed in order to have more details on this. Given all these considerations, we
extend previous works and derive, for the first time, the full wide-angle GR second-order expression of the bispectrum,
i.e. including second-order bias, non-Gaussianity, velocities, Sachs-Wolfe, integrated Sachs-Wolfe and time-delay terms
and lensing distortions from convergence and shear. This work builds on Refs. [46, 47, 50] where SW and lensing
contributions to the second-order matter overdensity are presented. We envision that the resulting full expression of
the bispectrum will be important for accurate estimations of primordial non-Gaussianity and cosmological parameters,
taking into account all effects at very large scales, therefore fully exploiting the ultra-large-scale correlations that will
be measured for the first time in the next decade. It will also provide an additional precise test of Einstein GR on
those very large scales. Beside the effects we consider here, if the probability of observing a galaxy depends on its
ellipticity, there is a selection effect beyond magnification, which is affected by shear and intrinsic alignment (see, for
example, [106, 107]). Here for simplicity we are not considering this orientation-dependent selection effect which will
produce new terms both at first and second order that depend on the large-scale tidal field. The inclusion of this
effect is left to future work.
We improve upon previous works in the literature in the sense that for the first time we write down the full expression
in Fourier space, and we do so using what we call the “spherical-Bessel” formalism, which was first developed by
[108] and, subsequently, in redshift space by [109] for the two-point correlation function. (Let us point out another
interesting approach studied in [110, 111], where they compute bispectra with total-angular-momentum waves.) The
expressions are inevitably lengthy and involved but whenever possible we give a physical insight on their meaning and
we summarize schematically the structure of the full expression in Section II. The expressions provided here will not
be directly relevant to data analyses, their value is in providing a starting point to devise useful approximations, and
a quantitative evaluation of the different contributions. The next natural step is to derive a more compact expression
including the dominant terms, for different geometrical configurations (shapes), which will be presented elsewhere.
The rest of the paper is organized as follows. We begin by presenting the second-order number counts on the light
cone in Sec. III. This is a key ingredient in the expression for the bispectrum which we present in Sec. IV, which
expression depends on several kernels that are written down explicitly in Sec. V for the first-order, and Sec. VI at
second order. The second-order bias is derived in Sec.VII. We conclude in Sec.VIII. The appendices report useful
3relations and expressions needed to follow the derivation of our main results and link our analytical expressions to
numerical codes available in the literature2 into our expressions.
II. EXECUTIVE SUMMARY
Here we summarize in a concise way the main result of this work, showing the main expression for the spherical-
Bessel bispectrum, including all general relativistic, local and integrated, wide-angle and mode-coupling terms, that
we call S3({k`m}1, {k`m}2, {k`m}3), where {k`m}i = (ki, `i,mi) for i = 1, 2, 3. We write the galaxy bispectrum
using the “spherical-Bessel” formalism first proposed by [108] and, subsequently, in redshift space by [109] (see also
[113]) for the two-point correlation function, and then by [114] for the three-point statistics. The same formalism (for
the power spectrum) has been applied to real data in [115] and extended to include GR effects in [17]. [See also Ref.
[116] where they discuss the limit of various approximations (e.g. flat-sky, limber) which are applied to the lensing
signal.] Here we generalize this formalism to include all wide-angle and relativistic terms, and write down the full
expression of the galaxy bispectrum, without any approximations besides second-order perturbative expansion in the
perturbations and the bias and without neglecting any contributions (apart from vector and tensor perturbations). In
this section we report the general expression for S3({k`m}1, {k`m}2, {k`m}3), and in the rest of the paper we show
its derivation and the explicit expression for all the terms. Here and hereafter:
S3({k`m}1, {k`m}2, {k`m}3) = 〈∆g`1m1(k1)∆
g
`2m2
(k2)∆
g
`3m3
(k2)〉 = 1
2
∑
t,u,v=1,2
t+u+v=4
〈
∆
g(t)
`1m1
(k1)∆
g(u)
`2m2
(k2)∆
g(v)
`3m3
(k3)
〉
,
(1)
where ∆g is the observed galaxy fractional number overdensity (for further details, see Sec. III) and contains the
contributions of all the local and integrated terms including bias, and the indexes t, u, v indicate the order, so that in
the right-hand side two of them will be 1 and one will be 2, cyclically. To be precise S3 is actually the spherical 3-point
correlation function of Fourier-space galaxy overdensity (but, for simplicity, we will refer to it as the bispectrum); in
the same way as for the power spectrum, the correlation of the field δ in Fourier space 〈δ(k1)δ(k2)〉 is related to the
power spectrum P (k) via a Dirac delta function 〈δ(k1)δ(k2)〉 ∝ P (k1)δD(k1 + k2).
As an example, let us consider below only the first additive term of Eq.(1), where t = 2 u, v = 1 (the other terms
will be just permutations of this). Since each ∆
g(t)
`m (k) is a sum of several components, it will be a sum of several
contributions which we indicate by the running indices a, b, c. Each of these indices will model the effect of all the
physical quantities we consider:
∆g = ∆δ + ∆rsd + ∆v + ∆L + ∆pot , (2)
where δ refers to the matter overdensity (intrinsic clustering), “rsd” and “v” are velocity (peculiar velocities (RSD)
and doppler) terms, L contains lensing terms and “pot” gravitational potentials (ISW and STD). Each of these
quantities enter (alternatively) at the first and second order. Within our formalism, in this specific example, the
index a is associated with a second-order quantity and refers to the terms expanded in Eq. (39), while the indices b, c
are associated with first-order quantities and refer to the terms that we will make explicit in Eq. (31). Therefore, we
have 〈
1
2
∆
a(2)
`1m1
(k1)∆
b(1)
`2m2
(k2)∆
c(1)
`3m3
(k3)
〉
= 2Υabc`1m1`2m2`3m3(k1, k2, k3) . (3)
Explicitly (for derivation details, see Sec. IV C and Appendix D) the bispectrum building blocks Υabc`1m1`2m2`3m3 are
functions that contain all of the information needed to express the observed bispectrum:
Υabc`1m1`2m2`3m3(k1, k2, k3) =
∑
`p1mp1`q1mq1
¯`
1m¯1
z `2 `3 `p1 `q1
¯`
1
m1m2m3mp1mq1m¯1
{∫
q22dq2
(2pi)3
q23dq3
(2pi)3
×
[
Ma(2)
`1m1`p1mp1`q1mq1
¯`
1m¯1
(k1; q2, q3) Mb(1)`2 (k2, q2) M
c(1)
`3
(k3, q3)
]
PΦ(q2)PΦ(q3)
}
,
(4)
2 In Appendix E 2 b, we give a possible prescription on how to insert the numerical outputs obtained in SONG [112].
4where the sum is over `p1mp1`q1mq1
¯`
1m¯1, and
z `2 `3 `p1 `q1
¯`
1
m1m2m3mp1mq1m¯1
= (−1)`2+`3−m2−m3+mp1+mq1+m¯1G`p1 ¯`1`2−mp1m¯1−m2G
`q1
¯`
1`3
mq1m¯1m3
.
Here we have used the Gaunt integral
G`1`2`3m1m2m3 =
∫
d2nˆ Y`1m1(nˆ)Y`2m2(nˆ)Y`3m3(nˆ) =
√
(2`1 + 1)(2`2 + 1)(2`3 + 1)
4pi
(
`1 `2 `3
0 0 0
)(
`1 `2 `3
m1 m2 m3
)
. (5)
The spherical multipole functions M contain all the contributions (at first–indicated by superscript (1)–and second–
superscript (2)–order) for the density, velocity, lensing and gravitational potentials, and their combinations; their
explicit expressions will be presented below. Here PΦ(k) is the primordial linear power spectrum of the Bardeen
gravitational potential; it will be clear below why it is advantageous to express the second-order GR bispectrum for
number counts in terms of a primordial quantity, but we will anticipate it briefly here. The primordial linear Bardeen
potential is the only relevant spatial field that has no gauge issue, that–by construction–remains invariant in time,
is statistically homogeneous and isotropic and thus for which it makes sense to perform a three-dimensional Fourier
transform. In fact, for any quantity that evolves along the line of sight or may be affected by projection effects such
as lensing or ISW, or for which the flat-sky approximation does not hold, there is no unambiguous three-dimensional
Fourier transform.
It is also useful to provide a relation between the spherical Bessel bispectrum S and the bispectrum in Fourier
angular space, B`1`2`3(k1, k2, k3):
S3({k`m}1, {k`m}2, {k`m}3) =
(
`1 `2 `3
m1 m2 m3
)
B`1`2`3(k1, k2, k3) , (6)
and between the 3-point function and the bispectrum in Fourier angular space:
〈∆g(k1)∆g(k2)∆g(k3)〉 =
3∑
`imi=1
(4pi)3 (−i)`1+`2+`3
k1k2k3 (2/pi)
3/2
Y`1m1(kˆ1)Y`2m2(kˆ2)Y`3m3(kˆ3)
×
(
`1 `2 `3
m1 m2 m3
)
B`1`2`3(k1, k2, k3) , (7)
after resumming over3
As usual, Y`m here denote the spherical harmonics and
(
`1 `2 `3
m1 m2 m3
)
the Wigner 3-j symbols. In our case, the
bispectrum in Fourier angular space is written as
B`1`2`3(k1, k2, k3) =
∑
abc
√
(2`1 + 1)(2`2 + 1)(2`3 + 1)
4pi
∑
`p1`q1
¯`
1
(−1)−(¯`1+`q1+`p1) (2
¯`
1 + 1)(2`q1 + 1)(2`p1 + 1)
4pi
×
(
`q1 `1 `p1
0 0 0
)(
`p1 `2
¯`
1
0 0 0
)(
¯`
1 `3 `q1
0 0 0
){
`1 `2 `3
¯`
1 `q1 `p1
}
×(−1)`2+`3
∫
q22dq2
(2pi)3
q23dq3
(2pi)3
[
Ka(2)
`1`p1`q1
¯`
1
(k1; q2, q3) Mb(1)`2 (k2, q2) M
c(1)
`3
(k3, q3)
]
PΦ(q2)PΦ(q3)
+ cyc , (8)
where (−1)m1G`1`p1`q1−m1mp1mq1K
a(2)
`1`p1`q1
¯`
1
(k1; q2, q3) =Ma(2)`1m1`p1mp1`q1mq1 ¯`1m¯1(k1; q2, q3).
Thus all local and integrated effects due to, for example, the bias (see Sec.VII), lensing, SW, gravitational evolution,
non-Gaussianity etc., are enclosed in the spherical multipole functions M. [Precisely, the generating functions are
3 The denominator of the first term in Eq. (7) reads ℵ∗` (k1)ℵ∗` (k2)ℵ∗` (k3) [see Eqs (71) and (80)], with the coefficients being ℵ` = k (2/pi)1/2
in the formalism of [17, 114], while they become ℵ`(k) = 4pii` in the total angular momentum formalism of [110, 111] (for details, see
Appendix B). {`1m1, `2m2, `3m3}. Here and hereafter kˆ denotes the angular position on the unit sphere of the corresponding unit
vector.
5in Eqs. (89-94), (100-128), (143-145), (152-165), (176-182), (184-185), (188), (201-226), (246), (249), (F13-F14) and
(F16).]
The rest of the paper is devoted to compute the full expression of these functions (see Secs. V and VI ), their interplay
in the calculation and some subtle cancellations of the bispectrum building blocks Υ, see Appendix D. Finally, in
Sec.VII, we explicitly show how to include the second order galaxy bias in the expression for the overdensity (this is
also a contribution to the functionsM). Throughout the paper we assume the following conventions: units, c = G = 1;
signature (−,+,+,+); Greek indices run over 0, 1, 2, 3, and Latin ones over 1, 2, 3.
second-order
III. SECOND-ORDER NUMBER COUNTS ON THE LIGHT CONE
In this section we start presenting all GR effects that have been computed previously by4 [50]. We begin by assuming
a concordance background model, and at first-order we neglect anisotropic stress, vector and tensor perturbations. In
the Poisson gauge, the metric and peculiar velocity expanded to second order are [70]
ds2 = a(η)2
{
−
(
1 + 2Φ + Φ(2)
)
dη2 + 2ω
(2)
i dη dx
i +
[
δij
(
1− 2Φ−Ψ(2)
)
+
1
2
hˆ
(2)
ij
]
dxidxj
}
, (9)
vi = ∂iv +
1
2
vi(2), vi(2) = ∂iv(2) + vˆi(2), (10)
where η is the conformal time, a is the scale-factor, and we have omitted the superscript (1) indicating terms of the
first-order expansion on familiar quantities such as the metric perturbation Φ, Newtonian potential Ψ and the galaxy
peculiar velocity ∂iv. Here and hereafter, second-order terms and indicated by the superscript (2). Here ωˆ
(n)
i is a
solenoidal vector, i.e. ∂iωˆ
(n)
i = 0, and hˆ
(n)
ij the tensor perturbation, i.e. ∂
ihˆ
(n)
ij = hˆ
i(n)
i = 0, see [70, 117–122].
Redshift-space or redshift-frame is the “cosmic laboratory” where we probe the observations. In redshift-space we
use coordinates which effectively flatten our past light-cone so that the photon geodesic from an observed galaxy has
the following conformal space-time coordinates [14, 47, 123]:
x¯µ = (η, x¯) = (η0 − χ¯, χ¯ nˆ). (11)
Here χ¯(z) is the comoving distance to the observed redshift, calculated in the background (i.e., a redshift-space
quantity), nˆ is the observed direction to the galaxy, i.e. nˆi = x¯i/χ¯ = δij(∂χ¯/∂x¯j) . Using χ¯ as an affine parameter
in the redshift frame (at zeroth order), the total derivative along the past light-cone is d/dχ¯ = −∂/∂η + nˆi∂/∂x¯i. In
our analysis we use only the observed redshift z rather than the background (Hubble flow) redshift. In particular all
background quantities are not evaluated at the background, redshift (i.e. the redshift that would have been observed
for the same source without any perturbations along the line of sight), they are instead evaluated at the observed
redshift which include real world effects such as peculiar velocities.
Defining xµ(χ) as the coordinates in the physical frame [see Eq. (9)], where χ is the physical comoving distance of
the source, we can set up a mapping between redshift space and real space (the “physical frame”) up to second order
in the following way: xµ(χ) = x¯µ(χ¯) + ∆xµ(1)(χ¯) + ∆xµ(2)(χ¯)/2.
In this work, ⊥ denotes projection into the screen space (with projector Pij = δij − nˆinˆj), ‖ indicates projection
along the unit line-of-sight vector nˆi, and we define the derivatives
∂‖ = nj∂j , ∂i⊥ = Pij∂j = ∂i − ni∂‖, ∇2⊥ = ∂⊥i∂i⊥ =
1
χ¯2
4nˆ = ∇2 − ∂2‖ −
2
χ¯
∂‖. (12)
Now we want to study the physical number density of galaxies ng as a function of the physical comoving coordinates
xµ and the magnification M. In particular we consider the cumulative physical number density sample with a flux
larger than a observed limit F¯ which can be translated in terms of a the inferred threshold luminosity L¯(z) (ng = N
in [13, 19]). The physical number density contained within a volume V is given by
N =
∫
V¯
√
−gˆ(xα) a3(x0) ng(xα,M) dV , (13)
4 This result was obtained by using the “cosmic rulers” approach developed in [14, 123], and generalized in [46, 47] at second order.
6where ng(x
α,M) is the physical number density which occupies the comoving physical volume dV, a is the scale
factor,
√−gˆ = √−g/a4, gˆµν is the comoving metric. In the redshift frame is, by definition,
N =
∫
V¯
a¯3(x¯0)ng
(
x¯0, x¯, L¯
)
d3x¯ , (14)
where the observed comoving volume is d3x¯ = dV¯. Then, relating the observed galaxy number density with the
physical one, i.e. Eqs. (13), (14), we obtain the observed fractional number overdensity
∆g =
ng(x¯
0, x¯, L¯)− n¯g(x¯0, L¯)
n¯g(x¯0, L¯)
= ∆(1)g +
1
2
∆(2)g , (15)
where
∆(1)g =
∆n
(1)
g
n¯g
+ 3∆ ln a(1) + ∆
√−g(1) + ∆V (1) (16)
and
∆(2)g =
∆n
(2)
g
n¯g
+ 3∆ ln a(2) + ∆
√−g(2) + ∆V (2) + 6
(
∆n
(1)
g
n¯g
+ ∆
√−g(1) + ∆V (1)
)
∆ ln a(1) + 6
(
∆ ln a(1)
)2
+2
∆n
(1)
g
n¯g
∆V (1) + 2∆
√−g(1)∆V (1) + 2∆n
(1)
g
n¯g
∆
√−g(1) . (17)
Here we have considered the corrections up to second order of the volume:∣∣∣∣dVdV¯
∣∣∣∣ = 1 + ∆V (1) + 12∆V (2) , (18)
the scalar factor:
a(x0(χ)) = a¯
(
1 + ∆ ln a(1) +
1
2
∆ ln a(2)
)
, (19)
where a¯ = a(x¯0(χ¯)) = 1/(1 + z), and√
−gˆ(xα) = 1 + ∆
√
−gˆ(x¯α) (1) + 1
2
∆
√
−gˆ(x¯α) (2) . (20)
Finally, we used
ng(x
α,M) = n¯g(x¯0, L¯) + ∆ng(x¯α, L¯)(1) + 1
2
∆ng(x¯
α, L¯)(2) , (21)
where ∆ng(x¯
α, L¯)(1) and ∆ng(x¯
α, L¯)(2) contain also the fluctuation of the luminosity distance at the observed redshift
z (e.g. see [47]). In order to write explicitly all above relations, first of all, let us define at first-order the following
quantities:
• the scale factor correction5
∆ ln a(1) = −Φ + ∂‖v + 2I(1) , (22)
where I(1) is the integrated Sachs-Wolfe (ISW) effect at first-order, i.e.
I(1) = −
∫ χ¯
0
dχ˜Φ′ , (23)
where, here and hereafter, the prime ′ denotes ∂/∂η;
5 From now on, in the expressions we have removed all the terms that are evaluated by the observer, as they represent unobservable
monopole-like terms.
7• the weak-lensing convergence term
κ(1) =
∫ χ¯
0
dχ˜ (χ¯− χ˜) χ˜
χ¯
∇˜2⊥Φ ; (24)
• the weak-lensing shear γ(1)ij and rotation ϑij terms, where
γ
(1)
ij = 2
∫ χ¯
0
dχ˜
[
(χ¯− χ˜) χ˜
χ¯
∂˜⊥(i∂˜⊥j)Φ
]
− Pijκ(1) , (25)
ϑ
(1)
ij ϑ
ij(1) = +
2
χ¯2
∫ χ¯
0
dχ˜
[
(χ¯− χ˜) ∂˜⊥iΦ
]
×
∫ χ¯
0
dχ˜
[
(χ¯− χ˜) ∂˜i⊥Φ
]
, (26)
where ∂˜i = ∂/∂x˜
i;
• the radial displacement at first order that corresponds to the usual (Shapiro) time-delay (STD) term [13]
T (1) = −2
∫ χ¯
0
dχ˜Φ ; (27)
• we define the following 3D nonlocal vector [46]
Si(1) = −
∫ χ¯
0
dχ˜
(
∂˜iΦ− 1
χ˜
nˆiΦ
)
(28)
which can be split as
S
i(1)
⊥ = PijSj(1)⊥ = −
∫ χ¯
0
dχ˜ ∂˜i⊥Φ , and S
(1)
‖ = nˆiS
i(1) = −Φ + I(1) +
∫ χ¯
0
dχ˜
Φ
χ˜
. (29)
The physical meaning of this vector can be understood by noting that the transverse part, i.e. S
i(1)
⊥ , can be
related with T (1) and κ(1) in the following way
−2κ(1) = 2∂⊥iSi(1) − ∂⊥iT (1) .
• Finally the overdensity
δ(1)g = δg(x¯
α, L¯)(1) =
ng(x¯
α, L¯)
(1)
ng(x¯0, L¯)
(0)
, (30)
where n¯g = ng(x¯
0, L¯)
(0)
is the background number density of sources with luminosity exceeding L¯ and n
(1)
g =
ng(x¯
α, L¯)
(1)
.
Expanding the galaxy fractional number overdensity, at linear order we find [13, 14, 46, 47, 50]
∆(1)g = δ
(1)
g +
[
be − H
′
H2 − 2Q− 2
(1−Q)
χ¯H
]
∆ ln a(1) + (−1 + 2Q) Φ− 1H∂
2
‖v +
1
HΦ
′ − 2(1−Q)
χ¯
T (1)
−2 (1−Q)κ(1) , (31)
where
be =
∂ ln n¯g(a¯, L¯)
∂ ln a¯
+ 3 (32)
is the evolution bias term related to the background number density, and H = a′/a is the conformal Hubble factor
and we have defined the background magnification bias as
Q(x¯0, L¯) = −∂ ln n¯g
∂ ln L¯
∣∣∣∣
a¯
. (33)
8All the quantities defined at linear order above, at second order become [46, 47, 50]
∆ ln a(2) = −Φ(2) + ∂‖v(2) + vˆ(2)‖ + 3Φ2 −
(
∂‖v
)2
+ ∂⊥iv ∂i⊥v − 2∂‖vΦ−
2
H
(
Φ− ∂‖v
) (
Φ′ − ∂2‖v
)
− 4
(
Φ +
1
H∂
2
‖v
− 1HΦ
′
)
I(1) + 2
(
2Φ′ + ∂‖Φ− ∂2‖v
)
T (1) + 4χ¯∂⊥i
(−Φ + ∂‖v)Si(1)⊥ + 2[χ¯∂⊥i (Φ− ∂‖v)+ ∂⊥iv]∂i⊥T (1) + 8Φκ(1)
+2I(2) + 8
(
I(1)
)2
+ 4
∫ χ¯
0
dχ˜
[
Φ′′T (1) + 2ΦΦ′ + 2Φ′I(1) + 2Φ∂˜⊥jS
j(1)
⊥ − 2χ˜∂˜⊥iΦ′Si(1)⊥ − 2
(
dΦ
dχ˜
− 1
χ˜
Φ
)
κ(1)
+χ˜∂˜⊥iΦ′∂˜i⊥T
(1)
]
, (34)
κ(2) =
1
2
∫ χ¯
0
dχ˜ (χ¯− χ˜) χ˜
χ¯
∇˜2⊥
(
Φ(2) + 2ω
(2)
‖ + Ψ
(2) − 1
2
hˆ
(2)
‖
)
+
1
2
∫ χ¯
0
dχ˜
(
− 2∂˜i⊥ω(2)i +
4
χ˜
ω
(2)
‖ + Pijnk∂˜ihˆ(2)jk −
3
χ˜
hˆ
(2)
‖
)
− 2
χ¯
(
2χ¯I(1) + 2
∫ χ¯
0
dχ˜χ˜Φ′ + T (1) +
1
H∆ ln a
)(
κ(1) − χ¯
2
∇2⊥T (1)
)
+ 2Si⊥
(
∂⊥iT (1) +
1
H∂⊥i∆ ln a
(1) + 2χ¯∂⊥iI(1)
+2∂⊥i
∫ χ¯
0
dχ˜χ˜Φ′
)
+ 2
∫ χ¯
0
dχ˜
χ˜
χ¯
[
+ 2χ˜∇˜2⊥ΦI(1) + 2∇˜2⊥Φ
∫ χ˜
0
d˜˜χ ˜˜χΦ′ + 2χ˜∂⊥iΦ∂˜i⊥I
(1) + 2∂⊥iΦ∂˜⊥i
∫ χ˜
0
d˜˜χ ˜˜χΦ′ +
4
χ˜
ΦS
(1)
‖
−2Φ∂˜⊥mSm(1) − ∂˜⊥iΦ∂i⊥T (1) −
2
χ˜
Φκ(1)
]
+ 2
∫ χ¯
0
dχ˜ (χ¯− χ˜) χ˜
χ¯
[
− 2∂˜i⊥Φ∂˜⊥iΦ + 2∂˜i⊥Φ∂˜⊥iI(1) − 2Φ∇˜2⊥Φ + 2∇˜2⊥ΦI(1)
−∇˜2⊥Φ T (1) − ∂˜i⊥Φ′∂˜⊥iT (1) +
2
χ˜
(
− 1
χ˜
Φ +
d
dχ˜
Φ
)
κ(1) +
1
χ˜
∂˜⊥iΦ S
i(1)
⊥ −
3
2χ˜
∂˜⊥iΦ∂i⊥T
(1) + χ˜
(
∂˜⊥i∇˜2⊥Φ +
1
χ˜
∂˜⊥iΦ′
)
×
(
2S
i(1)
⊥ − ∂i⊥T (1)
)
+ χ˜∂˜
(j
⊥ ∂˜
m)
⊥ Φ
(
2∂˜⊥(mS
(1)
⊥j) − ∂˜⊥(m∂˜⊥j)T (1)
)
+ 2Φ′∂˜⊥mS
m(1)
⊥ −
(
Φ′ +
1
χ˜
Φ
)
∇˜2⊥T (1)
]
, (35)
where A(iBj) = (AiBj +BiAj) /2, and
I(2) = −1
2
∫ χ¯
0
dχ˜
(
Φ(2)′ + 2ω(2)‖
′ + Ψ(2)′ − 1
2
hˆ
(2)
‖
′
)
, (36)
S
i(2)
⊥ = −
1
2
∫ χ¯
0
dχ˜
[
∂˜i⊥
(
Φ(2) + 2ω
(2)
‖ + Ψ
(2) − 1
2
hˆ
(2)
‖
)
+
1
χ˜
(
−2ωi(2)⊥ + nkhˆ(2)kj Pij
)]
, (37)
T (2) = −
∫ χ¯
0
dχ˜
(
Φ(2) + 2ω
(2)
‖ + Ψ
(2) − 1
2
h
(2)
‖
)
. (38)
9Finally, at second order the galaxy fractional overdensity is [46, 47, 50]
∆(2)g = δ
(2)
g +
[
be − 2Q− H
′
H2 − (1−Q)
2
χ¯H
]
∆ ln a(2) − (1−Q)
(
2Ψ(2) +
1
2
hˆ
(2)
‖
)
− (1−Q) 2
χ¯
T (2) − 2 (1−Q)κ(2)
+Φ(2) +
1
HΨ
(2)′ − 1
2H hˆ
(2)
‖
′ − 1H∂
2
‖v
(2) − 1H∂‖vˆ
(2)
‖ + 2 (−1 + 2Q) Φδ(1)g −
2
Hδ
(1)
g ∂
2
‖v +
2
Hδ
(1)
g Φ
′ +
(
∂‖v
)2
+
2
H
(
2Q+ H
′
H2
)
ΦΦ′ +
(
−5 + 4Q+ 4Q2 − 4 ∂Q
∂ ln L¯
)
Φ2 − 2H
(
1 + 2Q+ H
′
H2
)
Φ∂2‖v +
2
H2 (Φ
′)2 +
2
H2
(
∂2‖v
)2
+
4
H∂‖v∂‖Φ−
2
H2 Φ∂
3
‖v −
2
HΦ∂‖Φ +
2
H2 Φ
dΦ′
dχ¯
− 2H2 ∂‖v
dΦ′
dχ¯
− 2H2 Φ∂
2
‖Φ−
4
H2 ∂
2
‖vΦ
′ +
2
H
(
1 +
H′
H2
)
∂‖v∂2‖v
+
2
H2 ∂‖v∂
2
‖Φ +
2
H
(
1− H
′
H2
)
∂‖vΦ′ +
2
H∂⊥iv∂
i
⊥Φ−
4
H∂⊥iv∂
i
⊥∂‖v +
(
−1 + 4
χ¯H
)
∂⊥iv∂i⊥v +
2
H2 ∂‖v∂
3
‖v
+
{[
− 2be − 4Q+ 4beQ− 8Q2 + 8 ∂Q
∂ ln L¯
+ 4
∂Q
∂ ln a¯
+ 2
H′
H2 (1− 2Q) +
4
χ¯H
(
− 1 +Q+ 2Q2 − 2 ∂Q
∂ ln L¯
)]
Φ
+2
[
be − 2Q− H
′
H2 −
2
χ¯H (1−Q)
]
δ(1)g −
2
H
dδ
(1)
g
dχ¯
+
2
H
[
−be + 2Q+ H
′
H2 +
2
χ¯H (1−Q)
]
∂2‖v −
4
HQ∂‖Φ
+
2
H
[
−2 + be − H
′
H2 −
2
χ¯H (1−Q)
]
Φ′ + 4
[
−
(
be − beQ+ 2Q2 − 2 ∂Q
∂ ln L¯
− ∂Q
∂ ln a¯
)
+
H′
H2 (1−Q)
+
1
χ¯H
(
1−Q+ 2Q2 − 2 ∂Q
∂ ln L¯
)](
T (1)
χ¯
+ κ(1)
)}
∆ ln a(1) +
{
− be + b2e +
∂be
∂ ln a¯
+ 6Q− 4Qbe + 4Q2 − 4 ∂Q
∂ ln L¯
−4 ∂Q
∂ ln a¯
+ (1− 2be + 4Q) H
′
H2 −
H′′
H3 + 3
(H′
H2
)2
+
6
χ¯
H′
H3 (1−Q) +
2
χ¯2H2
(
1−Q+ 2Q2 − 2 ∂Q
∂ ln L¯
)
+
2
χ¯H
[
1− 2be −Q+ 2beQ− 4Q2 + 4 ∂Q
∂ ln L¯
+ 2
∂Q
∂ ln a¯
]}(
∆ ln a(1)
)2
+ 4
[
+
1
H
(
1− H
′
H2
)
Φ′ +
1
H∂‖Φ
+
1
H
(
1 +
H′
H2
)
∂2‖v +
1
H2 ∂
2
‖Φ +
1
H2 ∂
3
‖v −
1
H2
dΦ′
dχ¯
]
I(1) +
[
− 4
χ¯
(1−Q) δ(1)g − 2∂‖δ(1)g −
4
χ¯H (1−Q) Φ
′
+
4
χ¯
(
−1 +Q+ 2Q2 − 2 ∂Q
∂ ln L¯
)
Φ + 2 (1− 2Q) ∂‖Φ + 4
χ¯H (1−Q) ∂
2
‖v +
2
H∂
3
‖v.−
2
H∂‖Φ
′
]
T (1)
+
(
1−Q+ 2Q2 − 2 ∂Q
∂ ln L¯
)[
2
χ¯2
(
T (1)
)2
+
4
χ¯
T (1)κ(1)
]
+ 4
[
−
(
1−Q− 2Q2 + 2 ∂Q
∂ ln L¯
)
Φ +
1
H (1−Q) ∂
2
‖v
− 1H (1−Q) Φ
′ − (1−Q) δ(1)g
]
κ(1) + (1−Q)ϑ(1)ij ϑij(1) + 2
(
1−Q+ 2Q2 − 2 ∂Q
∂ ln L¯
)(
κ(1)
)2
− 2 (1−Q) ∣∣γ(1)∣∣2
+4
[
χ¯
H
(
∂⊥iΦ′ − ∂⊥i∂2‖v
)
+ χ¯∂⊥iδ(1)g + χ¯∂⊥iΦ− 2χ¯ (1−Q) ∂⊥iΦ +
1
H (1−Q) ∂⊥i∆ ln a
(1)
]
S
i(1)
⊥
−4(1−Q)Si(1)⊥ Sj(1)⊥ δij + 2
[
2
χ¯H∂⊥iv −
χ¯
H∂⊥iΦ
′ +
χ¯
H∂⊥i∂
2
‖v −
2
H∂⊥i∂‖v − χ¯∂⊥iδ
(1)
g + χ¯ (1− 2Q) ∂⊥iΦ
]
∂i⊥T
(1)
+4Q(1)
[
Φ−
(
1− 1
χ¯H
)
∆ ln a(1) +
1
χ¯
T (1) + κ(1)
]
+ 8(1−Q)
{∫ χ¯
0
dχ˜
[
− Φ∂˜⊥mSm(1)⊥ +
(
dΦ
dχ˜
− 1
χ˜
Φ
)
κ(1)
]
− 1
χ¯
∫ χ¯
0
dχ˜
(
Φ2 + Φ′T (1) + 2Φκ(1) + χ˜∂˜⊥iΦ∂˜i⊥T
(1)
)
+
1
χ¯
∫ χ¯
0
dχ˜ (χ¯− χ˜)
[
− 2Φ∂˜⊥mSm(1)⊥ + 2
(
dΦ
dχ˜
− 1
χ˜
Φ
)
κ(1)
]}
.
(39)
where the density contrast at second order has been defined as
δ(2)g =
ng(x¯
α, L¯)
(2)
ng(x¯0, L¯)
(0)
, (40)
and for convenience of notation we sometimes use n
(2)
g = ng(x¯
α, L¯)
(2)
. Here we have defined the first-order magnifi-
10
cation bias in the following way
Q(1)(x¯α, L¯) = − ∂δ
(1)
g
∂ ln L¯
∣∣∣∣∣
a¯
. (41)
Let us point out that, using the result from Ref. [50], we have indirectly assumed that galaxy velocities follow the
matter velocity field, i.e. no velocity bias, and we have used the velocity equation both at first and second order (for
example see Appendix A).
The readers interested in the primordial non-Gaussianity contribution (or fNL for short) should keep in mind that
it is implicitly enclosed in second-order primordial quantities such as Φ(2); see e.g., Sec. E 2 a.
Now, replacing Eqs. (22) in Eq. (31) we have the galaxy density contrast at first-order that it is given by 8 terms
involving δg, first and second derivatives of the velocity, potential, convergence, ISW and STD:
∆(1)g = δ
(1)
g −
1
H∂
2
‖v +
[
be − H
′
H2 − 2Q− 2
(1−Q)
χ¯H
]
∂‖v −
[
be − H
′
H2 − 4Q+ 1− 2
(1−Q)
χ¯H
]
Φ− 2 (1−Q)κ(1)
+
1
HΦ
′ + 2
[
be − H
′
H2 − 2Q− 2
(1−Q)
χ¯H
]
I(1) − 2(1−Q)
χ¯
T (1) =
8∑
a=1
∆a(1)g . (42)
At second order, replacing Eqs. (22), (34) and (35) in Eq. (39), we have
∆(2)g = ∆
(2)
g loc + ∆
(2)
g int , (43)
where we have separated the second-order contribution to ∆
(2)
g in local (subscript loc) and integrated (subscript int)
terms. Here the local contribution is the sum of three terms
∆
(2)
g loc =
3∑
i=1
∆
(2)
g loc−i , (44)
where
∆
(2)
g loc−1 = δ
(2)
g − 2 (1−Q) Ψ(2) −
1
2
(1−Q) hˆ(2)‖ −
[
be − 2Q− 1− H
′
H2 − (1−Q)
2
χ¯H
]
Φ(2) +
1
HΨ
(2)′ − 1
2H hˆ
(2)
‖
′
− 1H∂
2
‖v
(2) − 1H∂‖vˆ
(2)
‖ +
[
be − 2Q− H
′
H2 − (1−Q)
2
χ¯H
](
∂‖v(2) + vˆ
(2)
‖
)
(45)
11
contains all local contributions with second-order perturbation terms,
∆
(2)
g loc−2 = 2
[
−be − 1 + 4Q+ H
′
H2 +
2
χ¯H (1−Q)
]
δ(1)g Φ + 2
[
be − 2Q− H
′
H2 −
2
χ¯H (1−Q)
]
δ(1)g ∂‖v −
2
Hδ
(1)
g ∂
2
‖v
+
2
Hδ
(1)
g Φ
′ +
2
H
dδ
(1)
g
dχ¯
Φ− 2H
dδ
(1)
g
dχ¯
∂‖v +
[
− 5 + 4be + b2e +
∂be
∂ ln a¯
+ 8Q+ 16Q2 − 8beQ− 16 ∂Q
∂ ln L¯
− 8 ∂Q
∂ ln a¯
+2 (−2− be + 4Q) H
′
H2 −
H′′
H3 + 3
(H′
H2
)2
+
6
χ¯
H′
H3 (1−Q) +
4
χ¯H
(
−4Q2 − be + beQ+ 4 ∂Q
∂ ln L¯
+
∂Q
∂ ln a¯
)
+
2
χ¯2H2
(
1−Q+ 2Q2 − 2 ∂Q
∂ ln L¯
)]
Φ2 + 2
[
− be − 6Q− b2e + 6Qbe − 8Q2 + 8
∂Q
∂ ln L¯
+ 6
∂Q
∂ ln a¯
− ∂be
∂ ln a¯
+ (1 + 2be − 6Q) H
′
H2 +
H′′
H3 − 3
(H′
H2
)2
− 6
χ¯
H′
H3 (1−Q) +
2
χ¯H
(
−1 + 2be +Q+ 6Q2 − 2beQ− 6 ∂Q
∂ ln L¯
− 2 ∂Q
∂ ln a¯
)
+
2
χ¯2H2
(
− 1 +Q− 2Q2 + 2 ∂Q
∂ ln L¯
)]
Φ∂‖v +
2
H
[
− 1− 5Q+ 2be − 3H
′
H2 −
4 (1−Q)
χ¯H
]
Φ∂2‖v −
2
H2 Φ∂
3
‖v
+
2
H
(
2− 2be + 4Q+ 3H
′
H2 +
4 (1−Q)
χ¯H
)
ΦΦ′ +
2
H (−1 + 2Q) Φ∂‖Φ−
2
H2 Φ∂
2
‖Φ +
2
H2 Φ
dΦ′
dχ¯
+
2
H2 (Φ
′)2 +
2
H2
(
∂2‖v
)2
+
{
1− 2be + b2e +
∂be
∂ ln a¯
+ 8Q− 4Qbe + 4Q2 − 4 ∂Q
∂ ln L¯
− 4 ∂Q
∂ ln a¯
+ 2 (1− be + 2Q) H
′
H2 −
H′′
H3 + 3
(H′
H2
)2
+
6
χ¯
H′
H3 (1−Q) +
2
χ¯H
[
2− 2be − 2Q+ 2beQ− 4Q2 + 4 ∂Q
∂ ln L¯
+ 2
∂Q
∂ ln a¯
]
+
2
χ¯2H2
(
1−Q+ 2Q2 − 2 ∂Q
∂ ln L¯
)}(
∂‖v
)2
+
2
H
[
−1 + 2be − 2Q− 3H
′
H2 −
4 (1−Q)
χ¯H
]
Φ′∂‖v +
2
H
[
1− 2be + 4Q+ 3H
′
H2 +
4 (1−Q)
χ¯H
]
∂‖v∂2‖v
+4
(1−Q)
H ∂‖Φ∂‖v +
2
H2 ∂‖v∂
2
‖Φ−
2
H2 ∂‖v
dΦ′
dχ¯
+
2
H2 ∂‖v∂
3
‖v −
4
H2 Φ
′∂2‖v + 4Q(1)
[(
2− 1
χ¯H
)
Φ−
(
1− 1
χ¯H
)
∂‖v
]
(46)
contains all local projection terms with time and partial derivatives along the line-of-sight direction, and
∆
(2)
g loc−3 =
2
H∂⊥iv∂
i
⊥Φ−
4
H∂⊥iv∂
i
⊥∂‖v +
(
−1 + be − H
′
H2 − 2Q
)
∂⊥iv ∂i⊥v (47)
incorporates all local projection terms with transverse partial derivatives.
The integrated contribution can be divided into a sum of five terms
∆
(2)
g int =
5∑
i=1
∆
(2)
g int−i . (48)
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In particular,
∆
(2)
g int−1 = +4
{[
− 2be + 2beQ− 4Q2 + 4 ∂Q
∂ ln L¯
+ 2
∂Q
∂ ln a¯
+ 2
H′
H2 (1−Q) +
2
χ¯H
(
2Q2 − 2 ∂Q
∂ ln L¯
)]
Φ
+
1
H
[
1− 2be + 4Q+ 3H
′
H2 +
4 (1−Q)
χ¯H
]
∂2‖v +
1
H
[
−1 + 2be − 2Q− 3H
′
H2 −
4 (1−Q)
χ¯H
]
Φ′ +
1
H (1− 2Q) ∂‖Φ
+
1
H2 ∂
2
‖Φ +
1
H2 ∂
3
‖v −
1
H2
dΦ′
dχ¯
+
[
be − 2Q− H
′
H2 −
2
χ¯H (1−Q)
]
δ(1)g −
1
H
dδ
(1)
g
dχ¯
}
I(1) + 4
{
be + b
2
e +
∂be
∂ ln a¯
+2Q− 4Qbe + 4Q2 − 4 ∂Q
∂ ln L¯
− 4 ∂Q
∂ ln a¯
+ (−1− 2be + 4Q) H
′
H2 −
H′′
H3 + 3
(H′
H2
)2
+
6
χ¯
H′
H3 (1−Q)
+
2
χ¯H
[
−1− 2be +Q− 4Q2 + 2beQ+ 4 ∂Q
∂ ln L¯
+ 2
∂Q
∂ ln a¯
]
+
2
χ¯2H2
(
1−Q+ 2Q2 − 2 ∂Q
∂ ln L¯
)}(
I(1)
)2
+
4
χ¯
[
−
(
be − beQ+ 2Q2 − 2 ∂Q
∂ ln L¯
− ∂Q
∂ ln a¯
)
+
H′
H2 (1−Q) +
1
χ¯H
(
1−Q+ 2Q2 − 2 ∂Q
∂ ln L¯
)]
I(1)T (1)
+
{
− 4
χ¯
(1−Q) δ(1)g − 2∂‖δ(1)g +
4
χ¯
(
−1 +Q+ 2Q2 − 2 ∂Q
∂ ln L¯
)
Φ + 2
[
−be + 2Q+ H
′
H2 +
4 (1−Q)
χ¯H
]
∂2‖v
+4
[
be − 2Q− H
′
H2 −
3 (1−Q)
χ¯H
]
Φ′ + 2
[
1 + be − 4Q− H
′
H2 − (1−Q)
2
χ¯H
]
∂‖Φ +
2
H∂
3
‖v −
2
H∂‖Φ
′
}
T (1)
+
2
χ¯2
(
1−Q+ 2Q2 − 2 ∂Q
∂ ln L¯
)(
T (1)
)2
+ 4
{[
−1− 3Q+ 2Q2 − 2 ∂Q
∂ ln L¯
+ 2be − 2H
′
H2 −
5 (1−Q)
χ¯H
]
Φ
+
2 (1−Q)
χ¯
∫ χ¯
0
dχ˜χ˜Φ′ +
(1−Q)
χ¯H ∂‖v +
1
H (1−Q) ∂
2
‖v −
1
H (1−Q) Φ
′ − (1−Q) δ(1)g
}
κ(1)
+
8
χ¯
(
1−Q+Q2 − ∂Q
∂ ln L¯
)
T (1)κ(1) + 2
(
1−Q+ 2Q2 − 2 ∂Q
∂ ln L¯
)(
κ(1)
)2
+4
[
+ 2− be + beQ− 2Q− 2Q2 + 2 ∂Q
∂ ln L¯
+
∂Q
∂ ln a¯
+
H′
H2 (1−Q) +
1
χ¯H
(
3− 3Q+ 2Q2 − 2 ∂Q
∂ ln L¯
)]
I(1)κ(1)
+χ¯ (1−Q)
[
− 4
(
1 +
1
χ¯H
)
I(1) − 4
χ¯
∫ χ¯
0
dχ˜χ˜Φ′ − 2
χ¯
T (1) +
2
χ¯HΦ−
2
χ¯H∂‖v
]
∇2⊥T (1)
+4Q(1)
[
−2
(
1− 1
χ¯H
)
I(1) +
1
χ¯
T (1) + κ(1)
]
, (49)
contains convergence, ISW and STD terms.
In
∆
(2)
g int−2 = +4
{
χ¯∂⊥iδ(1)g − χ¯
[
1 + be − 4Q− H
′
H2 − 2
(1−Q)
χ¯H
]
∂⊥iΦ + χ¯
[
be − 2Q− H
′
H2 − 2
(1−Q)
χ¯H
]
∂⊥i∂‖v
+
χ¯
H∂⊥iΦ
′ − χ¯H∂⊥i∂
2
‖v
}
S
i(1)
⊥ + 2
{
− χ¯∂⊥iδ(1)g −
χ¯
H∂⊥iΦ
′ − χ¯
[
be − 2Q− H
′
H2 +
2Q
χ¯H
]
∂⊥i∂‖v
+χ¯
[
2 + be − 4Q− H
′
H2 − (1−Q)
2
χ¯H
]
∂⊥iΦ +
[
be − 2Q− H
′
H2 +
2Q
χ¯H
]
∂⊥iv +
χ¯
H∂⊥i∂
2
‖v
}
∂i⊥T
(1)
−4 (1−Q)Si⊥∂⊥iT (1) − 8 (1−Q) χ¯∂⊥iI(1)Si(1)⊥ − 8 (1−Q)Si(1)⊥ ∂⊥i
∫ χ¯
0
dχ˜χ˜Φ′ + (1−Q)ϑ(1)ij ϑij(1)
−4(1−Q)Si(1)⊥ Sj(1)⊥ δij , (50)
we have terms like ∂⊥iA(1)∂i⊥B
(1), where A(1) or B(1) can be a local or an integrated term at first-order.
In
∆
(2)
g int−3 = − (1−Q)
2
χ¯
T (2) + 2
[
be − 2Q− H
′
H2 − (1−Q)
2
χ¯H
]
I(2) + 2 (1−Q) χ¯∂⊥iSi(2) − χ¯ (1−Q)∇2⊥T (2) ,
(51)
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we find integrated terms such as, for example, ISW and STD at second order.
In the fourth term,
∆
(2)
g int−4 = +8(1−Q)
∫ χ¯
0
dχ˜
[
− Φ∂˜⊥mSm(1)⊥ +
(
dΦ
dχ˜
− 1
χ˜
Φ
)
κ(1)
]
−8(1−Q)
χ¯
∫ χ¯
0
dχ˜
(
Φ2 + Φ′T (1) + 2Φκ(1) + χ˜∂˜⊥iΦ∂˜i⊥T
(1)
)
+ 4
[
be − 2Q− H
′
H2 − (1−Q)
2
χ¯H
]
×
∫ χ¯
0
dχ˜
[
Φ′′T (1) + 2ΦΦ′ + 2Φ′I(1) + 2Φ∂˜⊥jS
j(1)
⊥ − 2χ˜∂˜⊥iΦ′Si(1)⊥ − 2
(
dΦ
dχ˜
− 1
χ˜
Φ
)
κ(1) + χ˜∂˜⊥iΦ′∂˜i⊥T
(1)
]
+
8(1−Q)
χ¯
∫ χ¯
0
dχ˜ (χ¯− χ˜)
[
− 2Φ∂˜⊥mSm(1)⊥ + 2
(
dΦ
dχ˜
− 1
χ˜
Φ
)
κ(1)
]
− 4 (1−Q)
∫ χ¯
0
dχ˜
χ˜
χ¯
[
+ 2χ˜∇˜2⊥ΦI(1)
+2∇˜2⊥Φ
∫ χ˜
0
d˜˜χ ˜˜χΦ′ + 2χ˜∂⊥iΦ∂˜i⊥I
(1) + 2∂˜⊥iΦ ∂˜⊥i
∫ χ˜
0
d˜˜χ ˜˜χΦ′ − 2Φ∂˜⊥mSm(1)⊥ − ∂˜⊥iΦ∂˜i⊥T (1) −
2
χ˜
Φκ(1)
]
−4 (1−Q)
∫ χ¯
0
dχ˜ (χ¯− χ˜) χ˜
χ¯
[
− 2∂˜i⊥Φ∂˜⊥iΦ + 2∂˜i⊥Φ∂˜⊥iI(1) − 2Φ∇˜2⊥Φ + 2∇˜2⊥ΦI(1) − ∇˜2⊥Φ T (1) − ∂˜i⊥Φ′∂˜⊥iT (1)
+
2
χ˜
(
− 1
χ˜
Φ +
d
dχ˜
Φ
)
κ(1) +
1
χ˜
∂˜⊥iΦ S
i(1)
⊥ −
3
2χ˜
∂˜⊥iΦ∂˜i⊥T
(1) + χ˜
(
∂˜⊥i∇˜2⊥Φ +
1
χ˜
∂˜⊥iΦ′
)(
2S
i(1)
⊥ − ∂˜i⊥T (1)
)
+2∇˜2⊥Φ κ+ 2Φ′∂˜⊥mSm(1)⊥ −
(
Φ′ +
1
χ˜
Φ
)
∇˜2⊥T (1)
]
(52)
we identify contributions in which the product between a local and integrated term (or two local terms) is within
another integral along the line of sight. Finally in the fifth term
∆
(2)
g int−5 = −2 (1−Q)
∣∣γ(1)∣∣2 + 8 (1−Q)∫ χ¯
0
dχ˜(χ¯− χ˜) χ˜
χ¯
[(
∂˜
(j
⊥ ∂˜
m)
⊥ −
1
2
Pjm∇˜2⊥
)∫ χ˜
0
d˜˜χ(χ˜− ˜˜χ) χ˜
˜˜χ
Φ
×
(
∂˜
(j
⊥ ∂˜
m)
⊥ −
1
2
Pjm∇˜2⊥
)
Φ
]
. (53)
we find all symmetric trace-free terms with orthogonal partial derivatives. Obviously, Eqs (44) and (48) are written
according to the properties of the various local and integral terms. Hereafter for simplicity we will compress all these
equations by writing
∆(2)g =
∑
a
∆a(2)g , (54)
where Eq.(54) is given by the sum of all terms contained in Eqs. (45), (46), (47), (49), (50), (51), (52) and (53).
IV. BISPECTRUM
The spherical Bessel representation uses a complete set of orthogonal basis functions |k`m〉 in a spherical Fourier
space (for a very brief review of this formalism, see Appendix B). A scalar field like ∆g in configuration space can be
decomposed in the following way:
∆g`m(k) = 〈k`m|∆g〉 =
∫
d3x 〈k`m|x〉〈x|∆g〉 . (55)
It is important to note that by definition the monopole ∆g00 can be removed and set to zero for k → 0. In general, we
can discard ∆g00 because only the mean n¯g(z) contributes to the monopole. Therefore we will compute the spherical
power spectrum only for ` > 0.
Here we introduce a more realistic definition of 〈x|∆g〉 = ∆g(x) which in a realistic case becomes:
〈x|∆g〉 −→ W(χ¯)∆g(x) , (56)
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where we have included the radial selection function W(χ¯).
Then at first and second order we find
∆g`m(k) = ∆
g(1)
`m (k) +
1
2
∆
g(2)
`m (k) + ... =
∑
b
∆
b(1)
`m (k) +
1
2
∑
a
∆
a(2)
`m (k) + ... , (57)
where the index b runs over the terms defined in Eq. (42) and a represents the index of summation over all additive
terms at second order, see Eq. (54). Finally, ∆
g(1)
`m (k) is the spherical Bessel transform of Eq. (42) and the second-order
terms are the spherical Bessel transforms of Eq. (54).
A. First-order terms
Considering each term of the first summation on the right-hand side of Eq. (57), we have
∆
b(1)
`m (k) = 〈k`m|∆b(1)〉 =
∫
d3x W(χ¯) 〈k`m|x〉∆b(1)g (x) , (58)
where we have already included the radial selection function. Usually, we can define a generic first-order perturbation
as follows
∆b(1)g (x) =
∫ χ¯
0
dχ˜ Wb
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
,4nˆ
)[∫
d3k
(2pi)3
T b(k, η˜)Φp(k)eikx˜
]
, (59)
where Φp(k) is the primordial potential set during the inflation epoch, T b(k, η) is a generalized transfer function
which relates the linear primordial potential with a generic perturbation term (here labeled with b). Here k is a
Fourier space vector, nˆ is the observed galaxy unity vector on the sky, and we have used the following relations∫
d3x =
∫
dχ¯ χ¯2
∫
d2nˆ
and
〈x|k`m〉 = ℵ`(k)j`(kχ)Y`m(nˆ) ,
where ℵ`(k) is a function that depends on ` and k (see Appendix B) which specific expression depends on the
conventions adopted in the expansion.
For each contribution in Eq. (42), we have defined a weight function Wb which is a generic operator that depends
on χ¯, η, ∂/∂χ¯, ∂/∂η and 4nˆ. This operator encloses the physical effects due to the fact that in any observation we
collect the photons emitted from a source after they have traveled through the past light cone of the observer. It is
this “projection effect” on the perturbations that is captured by W; W takes slightly different explicit expressions
depending on what perturbation is being considered, as labeled by its superscript index. Applying it to the spherical
harmonics, we find
Wb
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
,4nˆ
)
Y`m(nˆ) =Wb`
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
)
Y`m(nˆ) , (60)
where, in Wb(1)` , through the relation
4nˆY`m(nˆ) = −`(`+ 1)Y`m(nˆ) ,
we have removed its angular dependence.
Using Eq. (60), we have
Wb
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
,4nˆ
)[T b(k, η˜)eikx˜] = ∑
`m
4pii`
[
Wb`
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T b(k, η˜)j`(kχ˜)
]
Y ∗`m(kˆ)Y`m(nˆ) .
(61)
Then, taking into account that ∫
d2nˆ Y`1m1(nˆ)Y
∗
`2m2(nˆ) = δ
K
`1`2δ
K
m1m2 , (62)
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where δK denotes the Kronecker delta and * denotes complex conjugate, we find
∆
b(1)
`m (k) =
∫
d3k˜
(2pi)3
Mb(1)` (k, k˜)Y ∗`m(ˆ˜k)Φp(k˜) , (63)
where
Mb(1)` (k, k˜) =
∫
dχ¯ χ¯2W(χ¯)[4pii`ℵ∗` (k)]j`(kχ¯)
∫ χ¯
0
dχ˜
[
Wb`
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T b(k˜, η˜)j`(k˜χ˜)
]
. (64)
Before concluding this subsection, it is useful to calculate the spherical power spectrum (see also [17]), i.e.
〈∆b(1)∗`m (k) ∆c(1)`′m′(k′)〉 = δK``′δKmm′
∫
k˜2dk˜
(2pi)3
Mb(1)∗` (k, k˜) Mc(1)` (k′, k˜) PΦ(k˜) , (65)
where PΦ(k˜) is the power spectrum of the potential at initial epoch
〈Φ∗p(k˜) Φp(k˜′)〉 = (2pi)3δD(k˜− k˜′)PΦ(k˜) .
B. Second order (scalar case)
In the same way, at second order, the spherical Bessel transform of each term contained in the last summation of
Eq. (57) can be written as
1
2
∆
a(2)
`m (k) =
∫
d3x W(χ¯) 〈k`m|x〉 1
2
∆a(2)g (x) . (66)
In general (for the scalar case), similarly to what was done at first-order, let us define the spherical multipole functions
M˜(2), at second order, in the following way:
1
2
∆
a(2)
`m (k) =
∑
`pmp`qmq
∫
d3p
(2pi)3
d3q
(2pi)3
M˜a(2)`m`pmp`qmq(k;p,q)Y ∗`pmp(pˆ)Y ∗`qmq(qˆ)Φp(p)Φp(q) . (67)
In addition, as we will show explicitly in Sec. VI (see also Appendix F), M˜ can be expanded as
M˜a(2)`m`pmp`qmq(k;p,q) =
∑
¯`m¯
Ma(2)
`m`pmp`qmq ¯`m¯
(k; p, q)Y¯`m¯(pˆ)Y
∗¯
`m¯(qˆ) , (68)
where we used the following theorem that relates Legendre polynomials P¯` to spherical harmonics
P¯`(pˆ · qˆ) = 4pi
2¯`+ 1
¯`∑
m¯=−¯`
Y¯`m¯(pˆ)Y
∗¯
`m¯(qˆ) , (69)
and we obtain
1
2
∆
a(2)
`m (k) =
∑
`pmp`qmq ¯`m¯
∫
d3p
(2pi)3
d3q
(2pi)3
Ma(2)
`m`pmp`qmq ¯`m¯
(k; p, q)Y ∗`pmp(pˆ)Y¯`m¯(pˆ)Y
∗
`qmq(qˆ)Y
∗¯
`m¯(qˆ)Φp(p)Φp(q) . (70)
As we will see in Sec. VI and Appendix F,Ma(2)
`m`pmp`qmq ¯`m¯
(k; p, q) will be computed explicitly for all terms contained
in Eq. (54). Finally, using Eqs. (63) and (70), in the next section we derive the expression for the spherical Bessel
bispectrum.
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C. Master relation for bispectrum (scalar case)
In order to compute the projected bispectrum in spherical Fourier space, let us start with the following relation6
〈∆g(k1)∆g(k2)∆g(k3)〉 =
∑
`1m1`2m2`3m3
(4pi)3 (−i)`1+`2+`3
ℵ∗`1(k1)ℵ∗`2(k2)ℵ∗`3(k3)
Y`1m1(kˆ1)Y`2m2(kˆ2)Y`3m3(kˆ3)
×〈∆g`1m1(k1)∆
g
`2m2
(k2)∆
g
`3m3
(k2)〉 , (71)
where we used
∆g(k) =
∑
`m
4pi(−i)`
ℵ∗` (k)
Y`m(kˆ)∆
g
`m(k) .
See also Eq.(B18). In particular
〈∆g`1m1(k1)∆
g
`2m2
(k2)∆
g
`3m3
(k2)〉 =
〈
1
2
∆
g(2)
`1m1
(k1)∆
g(1)
`2m2
(k2)∆
g(1)
`3m3
(k3)
〉
+
〈
∆
g(1)
`1m1
(k1)
1
2
∆
g(2)
`2m2
(k2)∆
g(1)
`3m3
(k3)
〉
+
〈
∆
g(1)
`1m1
(k1)∆
g(1)
`2m2
(k2)
1
2
∆
g(2)
`3m3
(k3)
〉
. (72)
For simplicity, let us consider only the first additive term of Eq.(72)〈
1
2
∆
g(2)
`1m1
(k1)∆
g(1)
`2m2
(k2)∆
g(1)
`3m3
(k3)
〉
=
∑
abc
〈
1
2
∆
a(2)
`1m1
(k1)∆
b
`2m2(k2)∆
c
`3m3(k3)
〉
(73)
where the index a identifies all the terms at second order in Eq. (54), and the indexes b and c identify all the terms
in Eq. (42). For a, b and c fixed we have〈
1
2
∆
a(2)
`1m1
(k1)∆
b
`2m2(k2)∆
c
`3m3(k3)
〉
=
∑
`p1mp1`q1mq1
¯`
1m¯1
∫
p21dp1
(2pi)3
q21dq1
(2pi)3
q22dq2
(2pi)3
q23dq3
(2pi)3
×
[
Ma(2)
`1m1`p1mp1`q1mq1
¯`
1m¯1
(k1; p1, q1) Mb(1)`2 (k2, q2) M
c(1)
`3
(k3, q3)
]
×
∫
d2pˆ1d
2qˆ1d
2qˆ2d
2qˆ3 Y
∗
`p1mp1
(pˆ1)Y¯`1m¯1(pˆ1)Y
∗
`q1mq1
(qˆ1)Y
∗¯
`1m¯1
(qˆ1)
× Y ∗`2m2(qˆ2)Y ∗`3m3(qˆ3)
〈
Φp(p1)Φp(q1)Φp(q2)Φp(q3)
〉
. (74)
Taking into account that〈
Φp(p1)Φp(q1)Φp(q2)Φp(q3)
〉
= (2pi)6
[
δD(p1 + q1)PΦ(p1)δ
D(q2 + q3)PΦ(q2)
]
+(2pi)6
[
δD(p1 + q2)PΦ(q2)δ
D(q1 + q3)PΦ(q3)
]
+ (2pi)6
[
δD(p1 + q3)PΦ(q3)δ
D(q1 + q2)PΦ(q2)
]
(75)
and using
(2pi)3δD(qi + qj) =
pi
2q2i
δD(qi − qj)
∑
`′ijm
′
ij
(4pi)2(−1)`′ij+m′ijY`′ijm′ij (qˆi)Y`′ij−m′ij (qˆj) ,
we find〈
1
2
∆
a(2)
`1m1
(k1)∆
b
`2m2(k2)∆
c
`3m3(k3)
〉
= Υ
[1]abc
`1m1`2m2`3m3
(k1, k2, k3)+Υ
[2]abc
`1m1`2m2`3m3
(k1, k2, k3)+Υ
[3]abc
`1m1`2m2`3m3
(k1, k2, k3)
(76)
6 In general, one might think that 〈∆g(k1)∆g(k2)∆g(k3)〉 = (2pi)3δD(k1 + k2 + k3)B(k1,k2,k3). However, we cannot a priori assume
that the bispectrum in redshift space preserves the property of homogeneity and isotropy; therefore, we need to proceed as in Eq. (71).
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where Υ
[j]abc
`1m1`2m2`3m3
, for j = 1, 2, 3, are the bispectrum building blocks and contain all the information on the
bispectrum in redshift space. Explicitly, we have
Υ
[1]abc
`1m1`2m2`3m3
(k1, k2, k3) =
∑
`p1mp1`q1mq1
¯`
1m¯1`′1m
′
1
δKm2−m3δ
K
`2`3(−1)`
′
1+`2+m2+mp1G`p1 ¯`1`
′
1
−mp1m¯1m′1G
`q1
¯`
1`
′
1
mq1m¯1m
′
1∫
q21dq1
(2pi)3
q22dq2
(2pi)3
[
Ma(2)
`1m1`p1mp1`q1mq1
¯`
1m¯1
(k1; q1, q1) Mb(1)`2 (k2, q2) M
c(1)
`3
(k3, q2)
]
PΦ(q1)PΦ(q2) , (77)
Υ
[2]abc
`1m1`2m2`3m3
(k1, k2, k3) =
∑
`p1mp1`q1mq1
¯`
1m¯1
(−1)`2+`3−m2−m3+mp1+mq1+m¯1G`p1 ¯`1`2−mp1m¯1−m2G
`q1
¯`
1`3
mq1m¯1m3∫
q22dq2
(2pi)3
q23dq3
(2pi)3
[
Ma(2)
`1m1`p1mp1`q1mq1
¯`
1m¯1
(k1; q2, q3) Mb(1)`2 (k2, q2) M
c(1)
`3
(k3, q3)
]
PΦ(q2)PΦ(q3) , (78)
and Υ
[3]abc
`1m1`2m2`3m3
(k1, k2, k3) is obtained from Υ
[2]abc
`1m1`2m2`3m3
(k1, k2, k3) if we note that Ma(2)`m`pmp`qmq ¯`m¯(k; p, q) =
Ma(2)
`m`qmq`pmp ¯`m¯
(k; q, p). Here G is the usual Gaunt integral [see Eq.(5)]. For symmetry reasons one may expect that
Υ
[2]abc
`1m1`2m2`3m3
(k1, k2, k3) = Υ
[3]abc
`1m1`2m2`3m3
(k1, k2, k3) .
In Appendix D will show explicitly that this is the case. The explicit proof offers a consistency check on our calculations
and expressions. In Appendix D we will also prove that
Υ
[1]abc
`1m1`2m2`3m3
(k1, k2, k3) ∼ δK`10 .
This implies that we can discard Υ[1]abc because here we consider only terms with ` > 0. Finally we will demonstrate
that the three-point function of the coefficients defined in Eq.(72) may be factorized by isotropy7 into
〈∆g`1m1(k1)∆
g
`2m2
(k2)∆
g
`3m3
(k2)〉 =
(
`1 `2 `3
m1 m2 m3
)
B`1`2`3(k1, k2, k3) , (79)
where `1 + `2 + `3 =even, m1 +m2 +m3 = 0 and `1, `2, `3 satisfy the triangle rule.
From the above relation and Eq.(71) we can write one of the main results of this paper, i.e.
〈∆g(k1)∆g(k2)∆g(k3)〉 =
∑
`1m1`2m2`3m3
(4pi)3 (−i)`1+`2+`3
ℵ∗`1(k1)ℵ∗`2(k2)ℵ∗`3(k3)
Y`1m1(kˆ1)Y`2m2(kˆ2)Y`3m3(kˆ3)
×
(
`1 `2 `3
m1 m2 m3
)
B`1`2`3(k1, k2, k3) . (80)
The rest of paper is devoted to computing explicitly allMa(2)
`m`pmp`qmq ¯`m¯
(k; p, q) in Eq. (54) and in Sec. VII we give
a prescription to incorporate consistently the bias at second order within δ
(2)
g .
7 Precisely, here the term isotropy means that B`1`2`3 (k1, k2, k3) is rotationally invariant for rotations around the line of sight passing
through the circumcenter.
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V. SPHERICAL MULTIPOLE FUNCTIONS AT FIRST-ORDER
Using the prescription in IV A, it is easy to rewrite the matter overdensity at first order [Eq.(42)] in terms of
Mb(1)` (k, k˜). Specifically, we obtain the following relations (see also [17]):
Mδg(1)` (k, k˜) =
∫
dχ¯ χ¯2W(χ¯)[4pii`ℵ∗` (k)]j`(kχ¯)j`(k˜χ¯)T δg (k˜, η) ,
M∂
2
‖v(1)
` (k, k˜) =
∫
dχ¯ χ¯2W(χ¯)[4pii`ℵ∗` (k)]
[
− 1H(η)
]
j`(kχ¯)
[
∂2
∂χ¯2 j`(k˜χ¯)
]
T v(k˜, η) ,
M∂‖v(1)` (k, k˜) =
∫
dχ¯ χ¯2W(χ¯)[4pii`ℵ∗` (k)]
[
be(η)− H
′(η)
H2(η) − 2Q(η)− 2 (1−Q(η))χ¯H(η)
]
j`(kχ¯)
[
∂
∂χ¯j`(k˜χ¯)
]
T v(k˜, η) ,
MΦ(1)` (k, k˜) = −
∫
dχ¯ χ¯2W(χ¯)[4pii`ℵ∗` (k)]
[
be(η)− H
′(η)
H2(η) − 4Q(η) + 1− 2 (1−Q(η))χ¯H(η)
]
j`(kχ¯)j`(k˜χ¯)T Φ(k˜, η) ,
MΦ′(1)` (k, k˜) =
∫
dχ¯ χ¯2W(χ¯)[4pii`ℵ∗` (k)]
[
1
H(η)
]
j`(kχ¯)j`(k˜χ¯)
∂
∂ηT Φ(k˜, η) ,
Mκ(1)` (k, k˜) =
∫
dχ¯ χ¯2W(χ¯)[8pi`(`+ 1)i`ℵ∗` (k)][1−Q(η)]j`(kχ¯)
∫ χ¯
0
dχ˜
[
(χ¯−χ˜)
χ¯χ˜ j`(k˜χ˜)T Φ(k˜, η˜)
]
,
MI(1)` (k, k˜) = −
∫
dχ¯ χ¯2W(χ¯)[8pii`ℵ∗` (k)]
[
be(η)− H
′(η)
H2(η) − 2Q(η)− 2 (1−Q(η))χ¯H(η)
]
j`(kχ¯)
∫ χ¯
0
dχ˜
[
j`(k˜χ˜)
∂
∂η˜T Φ(k˜, η˜)
]
,
MT (1)` (k, k˜) =
∫
dχ¯ χ¯2W(χ¯)[16pii`ℵ∗` (k)]
[
1−Q(η)
χ¯
]
j`(kχ¯)
∫ χ¯
0
dχ˜
[
j`(k˜χ˜)T Φ(k˜, η˜)
]
.
(81)
Note that here and hereafter for clarity we have made explicit what term the superscript index b ofM refers to, by
writing in its place the physical quantity involved e.g. δg for galaxy over density, κ for convergence etc. Here we used
∇2⊥Y`m(nˆ) =
1
χ¯2
4nˆY`m(nˆ) = − 1
χ¯2
`(`+ 1)Y`m(nˆ) ,
and the following definitions:
δ(1)g (k, η) = T δg (k, η)Φp(k) , v(1)(k, η) = T v(k, η)Φp(k) , and Φ(1)(k, η) = T Φ(k, η)Φp(k) . (82)
VI. SPHERICAL MULTIPOLE FUNCTIONS AT SECOND ORDER
In this section we will apply the instructions contained in Sec. IV B where we proved that a generic (scalar) term at
second order can be expressed in terms ofMa(2)
`m`pmp`qmq ¯`m¯
(k; p, q). In the next subsections we will consider separately
each additive term contained in Eqs. (44) and (48), i.e. ∆
(2)
g loc−i for i runs from 1 to 3, and ∆
(2)
g int−j where j runs
from 1 to 5.
A. Terms from ∆
(2)
g loc−1 [see Eq. (45)]
Equation (45) contains all local contributions with second-order perturbation terms. These additive terms can be
written in the following way:
1
2
∆
α[b](2)
`m (k) =
∫
d3x W(χ¯)ℵ∗` (k)j`(kχ)Y ∗`m(nˆ) Wα
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
)
1
2
∆b(2)(x, η) , (83)
whereWα has been introduced in Eq. (59), and the superscript α[b] means that we are taking combinations of different
explicit “projection effect” expressionsW, labeled by the superscript index α, with ∆ labeled by the superscript index
b.
Here ∆b(2) = δ
(2)
g ,Φ(2),Ψ(2), v(2), respectively, for b = δ
(2)
g ,Φ(2),Ψ(2), v(2) and
1
2
∆b(2)(k˜, η) =
∫
d3p
(2pi)3
d3q
(2pi)3
(2pi)3δD
(
p + q− k˜
) 1
2
F b(2)(p,q, k˜; η)T Φ(p, η)T Φ(q, η)Φp(p)Φp(q) , (84)
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where F b(2)(p,q, k˜; η) are specific kernel functions (fully symmetric functions) and depend also on the parameters
related to primordial non-Gaussianity. Explicit expressions for F b(2)(p,q, k˜; η) are reported in Appendix E 2.
Using Eq. (83) we find
1
2
Wα
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
)
∆b(2)(x, η) =
∫
d3k˜
(2pi)3
1
2
Wα
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
)[
∆b(2)(k˜, η)eik˜x
]
=
∑
`pmp`qmq
(4pi)2i`p+`q
{∫
d3p
(2pi)3
d3q
(2pi)3
Wα
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
)[
1
2
F b(2)(p,q, k˜; η)j`p(pχ¯)j`q(qχ¯)T Φ(p, η)T Φ(q, η)
]
× Y ∗`pmp(pˆ)Y ∗`qmq(qˆ)Φp(p)Φp(q)
}
Y`pmp(nˆ)Y`qmq(nˆ) . (85)
Here, by construction, we note that, in these kernels, k˜ is related to p, q, and the angle between them, cos(θpq) via
k˜[p, q, cos(θpq)] =
√
p2 + q2 + 2pq cos(θpq) ,
where cos(θpq) = pˆ · qˆ. Then F b(2)(p,q, k˜; η) = F b(2)[p, q, cos(θpq), η] and in general we can expand in Legendre
polynomials the dependence of the kernel on θpq using
F
b(2)
¯` (p, q; η) =
2¯`+ 1
2
∫ 1
−1
d cos(θpq) P¯`[cos(θpq)]F b(2)[p, q, cos(θpq); η] . (86)
Hence the second-order kernels can be expanded as
1
2
F b(2)(p,q, k˜; η) =
∑
¯`
1
2
F
b(2)
¯` (p, q; η) P¯`[cos(θpq)] =
∑
¯`m¯
4pi
2¯`+ 1
1
2
F
b(2)
¯` (p, q; η)Y¯`m¯(pˆ)Y
∗¯
`m¯(qˆ) . (87)
In Appendix F we present an alternative way to compute these terms. This new method might be important if
F b(2)(p,q, k˜; η) is function of k˜n, where n < 0.
Finally we find
Mα[b](2)
`m`pmp`qmq ¯`m¯
(k; p, q) = (4pi)3ℵ∗` (k)(−1)mi`p+`q(2¯`+ 1)−1G``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
×
{
Wα
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
)[
1
2
F
b(2)
¯` (p, q; η)j`p(pχ¯)j`q(qχ¯)T Φ(p, η)T Φ(q, η)
]}
j`(kχ¯) .
(88)
Below we show explicitly all the terms in Eq. (45):
Mδ
(2)
g (2)
`m`pmp`qmq ¯`m¯
(k; p, q) = (4pi)3ℵ∗` (k)(−1)mi`p+`q(2¯`+ 1)−1G``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
×
[
1
2
F
δg(2)
¯` (p, q; η)j`p(pχ¯)j`q(qχ¯)T Φ(p, η)T Φ(q, η)
]
j`(kχ¯) , (89)
MΨ(2)(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = (4pi)3ℵ∗` (k)(−1)mi`p+`q(2¯`+ 1)−1G``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯) [−2 (1−Q)]
×
[
1
2
F
Ψ(2)
¯` (p, q; η)j`p(pχ¯)j`q(qχ¯)T Φ(p, η)T Φ(q, η)
]
j`(kχ¯) , (90)
MΦ(2)(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = (4pi)3ℵ∗` (k)(−1)m+1i`p+`q(2¯`+ 1)−1G``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
[
be − 2Q− 1− H
′
H2
−2(1−Q)
χ¯H
]
×
[
1
2
F
Φ(2)
¯` (p, q; η)j`p(pχ¯)j`q(qχ¯)T Φ(p, η)T Φ(q, η)
]
j`(kχ¯) , (91)
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MΨ(2)′(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = (4pi)3ℵ∗` (k)(−1)mi`p+`q(2¯`+ 1)−1G``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
(
1
H
)
× ∂
∂η
[
1
2
F
Ψ(2)
¯` (p, q; η)T Φ(p, η)T Φ(q, η)
]
j`p(pχ¯)j`q(qχ¯)j`(kχ¯) , (92)
M∂‖v
(2)(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = (4pi)3ℵ∗` (k)(−1)mi`p+`q(2¯`+ 1)−1G``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
[
be − 2Q− H
′
H2 − 2
(1−Q)
χ¯H
]
× 1
2
F
v(2)
¯` (p, q; η)
∂
∂χ¯
[
j`p(pχ¯)j`q(qχ¯)
]
j`(kχ¯) T Φ(p, η)T Φ(q, η) , (93)
M∂
2
‖v
(2)(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = (4pi)3ℵ∗` (k)(−1)m+1i`p+`q(2¯`+ 1)−1G``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
(
1
H
)
× 1
2
F
v(2)
¯` (p, q; η)
∂2
∂χ¯2
[
j`p(pχ¯)j`q(qχ¯)
]
j`(kχ¯) T Φ(p, η)T Φ(q, η) . (94)
B. Terms from ∆
(2)
g loc−2 [see Eq. (46)]
All local projection terms with time and partial space derivatives along the line-of-sight direction of ∆
(2)
g loc−2 in Eq.
(46) can be written in the following way:
1
2
∆ij(2)(x, η) =
[
Wi
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
,4nˆ
)
∆i(1)(x, η)
] [
Wj
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
,4nˆ
)
∆j(1)(x, η)
]
, (95)
where the superscript ij means that we are taking combinations of differentWb∆b(1) labeled by the superscript indices
b = i or j, where ∆i(1)(x, η) can be Φ, v, δ
(1)
g . [Note that in Eq. (57) the index a also runs through all combinations
of i, j.] Applying the weight function Wj on ∆j(1) we have
Wj
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
,4nˆ
)
∆j(1)(x, η) =
∫
d3k
(2pi)3
Wj
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
,4nˆ
)
T j(k, η)Φp(k)eikx (96)
=
∑
`m
4pii`Y`m(nˆ)
∫
d3k
(2pi)3
[
Wj`
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
)
T j(k, η)j`(kχ¯)
]
Y ∗`m(kˆ)Φp(k) , (97)
where we have used Eq. (60). Starting from Eq.(66) and using Eq.(5), we find
1
2
∆
ij(2)
`m (k) =
∑
`pmp`qmq
∫
d3p
(2pi)3
d3q
(2pi)3
{
(4pi)2ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
×1
2
[
Wi`p
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
)
T i(p, η)j`p(pχ¯) Wj`q
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
)
T j(q, η)j`q(qχ¯)
+ Wi`q
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
)
T i(q, η)j`q(qχ¯) Wj`p
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
)
T j(p, η)j`p(pχ¯)
]
j`(kχ¯)
}
× Y ∗`pmp(pˆ)Y ∗`qmq(qˆ)Φp(p)Φp(q) . (98)
Then, explicitly, we have
Mij(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
×1
2
[
Wi`p
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
)
T i(p, η)j`p(pχ¯) Wj`q
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
)
T j(q, η)j`q(qχ¯)
+ Wi`q
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
)
T i(q, η)j`q(qχ¯) Wj`p
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
)
T j(p, η)j`p(pχ¯)
]
j`(kχ¯) .
(99)
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Replacing the indices ij by the corresponding symbol for each additive contribution in Eq.(46)–and thus making more
explicit their physical meaning–below we list all Mij
`m`pmp`qmq ¯`m¯
:
MδgΦ(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
×1
2
[
−be − 1 + 4Q+ H
′
H2 +
2
χ¯H (1−Q)
] [
T δg (p, η)T Φ(q, η) + T δg (q, η)T Φ(p, η)
]
j`p(pχ¯)j`q(qχ¯)j`(kχ¯) ,
(100)
Mδg∂‖v(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
[
be − 2Q− H
′
H2 −
2
χ¯H (1−Q)
]
×1
2
{
T δg (p, η)T v(q, η) j`p(pχ¯)
[
∂
∂χ¯
j`q(qχ¯)
]
+ T δg (q, η)T v(p, η) j`q(qχ¯)
[
∂
∂χ¯
j`p(pχ¯)
]}
j`(kχ¯) , (101)
Mδg∂
2
‖v(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
(
− 1H
)
×1
2
{
T δg (p, η)T v(q, η) j`p(pχ¯)
[
∂2
∂χ¯2
j`q(qχ¯)
]
+ T δg (q, η)T v(p, η) j`q(qχ¯)
[
∂2
∂χ¯2
j`p(pχ¯)
]}
j`(kχ¯) , (102)
MδgΦ′(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
(
1
H
)
×1
2
{
T δg (p, η)
[
∂
∂η
T Φ(q, η)
]
+ T δg (q, η)
[
∂
∂η
T Φ(p, η)
]}
j`p(pχ¯)j`q(qχ¯)j`(kχ¯) , (103)
M∂‖δgΦ(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
(
1
H
)
×1
2
{
T δg (p, η)T Φ(q, η)
[
∂
∂χ¯
j`p(pχ¯)
]
j`q(qχ¯) + T δg (q, η)T Φ(p, η)
[
∂
∂χ¯
j`q(qχ¯)
]
j`p(pχ¯)
}
j`(kχ¯) , (104)
Mδ
′
gΦ(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
(
− 1H
)
×1
2
{[
∂
∂η
T δg (p, η)
]
T Φ(q, η) +
[
∂
∂η
T δg (q, η)
]
T Φ(p, η)
}
j`p(pχ¯)j`q(qχ¯)j`(kχ¯) , (105)
M∂‖δg∂‖v(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
(
− 1H
)
×1
2
[
T δg (p, η)T v(q, η) + T δg (q, η)T v(p, η)
] [
∂
∂χ¯
j`p(pχ¯)
] [
∂
∂χ¯
j`q(qχ¯)
]
j`(kχ¯) , (106)
Mδ
′
g∂‖v(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
(
1
H
)
×1
2
{[
∂
∂η
T δg (p, η)
]
T v(q, η) j`p(pχ¯)
[
∂
∂χ¯
j`q(qχ¯)
]
+
[
∂
∂η
T δg (q, η)
]
T v(p, η) j`q(qχ¯)
[
∂
∂χ¯
j`p(pχ¯)
]}
j`(kχ¯) ,
(107)
MΦ2(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯) 1
2
[
− 5 + 4be + b2e +
∂be
∂ ln a¯
+8Q+ 16Q2 − 8beQ− 16 ∂Q
∂ ln L¯
− 8 ∂Q
∂ ln a¯
+ 2 (−2− be + 4Q) H
′
H2 −
H′′
H3 + 3
(H′
H2
)2
+
6
χ¯
H′
H3 (1−Q) +
4
χ¯H
(
− be
−4Q2 + beQ+ 4 ∂Q
∂ ln L¯
+
∂Q
∂ ln a¯
)
+
2
χ¯2H2
(
1−Q+ 2Q2 − 2 ∂Q
∂ ln L¯
)]
T Φ(p, η)T Φ(q, η) j`p(pχ¯)j`q(qχ¯)j`(kχ¯) ,
(108)
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MΦ∂‖v(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
[
− be − 6Q− b2e + 6Qbe
−8Q2 + 8 ∂Q
∂ ln L¯
+ 6
∂Q
∂ ln a¯
− ∂be
∂ ln a¯
+ (1 + 2be − 6Q) H
′
H2 +
H′′
H3 − 3
(H′
H2
)2
− 6
χ¯
H′
H3 (1−Q)
+
2
χ¯H
(
−1 + 2be +Q+ 6Q2 − 2beQ− 6 ∂Q
∂ ln L¯
− 2 ∂Q
∂ ln a¯
)
+
2
χ¯2H2
(
− 1 +Q− 2Q2 + 2 ∂Q
∂ ln L¯
)]
×1
2
{
T Φ(p, η)T v(q, η) j`p(pχ¯)
[
∂
∂χ¯
j`q(qχ¯)
]
+ T Φ(q, η)T v(p, η) j`q(qχ¯)
[
∂
∂χ¯
j`p(pχ¯)
]}
j`(kχ¯) , (109)
MΦ∂
2
‖v(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯) 1H
[
− 1− 5Q+ 2be − 3H
′
H2
−4 (1−Q)
χ¯H
]
1
2
{
T Φ(p, η)T v(q, η) j`p(pχ¯)
[
∂2
∂χ¯2
j`q(qχ¯)
]
+ T Φ(q, η)T v(p, η) j`q(qχ¯)
[
∂2
∂χ¯2
j`p(pχ¯)
]}
j`(kχ¯) ,
(110)
MΦ∂
3
‖v(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
(
− 1H2
)
×1
2
{
T Φ(p, η)T v(q, η) j`p(pχ¯)
[
∂3
∂χ¯3
j`q(qχ¯)
]
+ T Φ(q, η)T v(p, η) j`q(qχ¯)
[
∂3
∂χ¯3
j`p(pχ¯)
]}
j`(kχ¯) , (111)
MΦΦ′(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
× 1H
(
2− 2be + 4Q+ 3H
′
H2 +
4 (1−Q)
χ¯H
)
∂
∂η
[T Φ(p, η)T Φ(q, η)] j`p(pχ¯)j`q(qχ¯)j`(kχ¯) , (112)
MΦ∂‖Φ(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯) 1H (−1 + 2Q)
T Φ(p, η)T Φ(q, η) ∂
∂χ¯
[
j`p(pχ¯)j`q(qχ¯)
]
j`(kχ¯) , (113)
MΦ∂
2
‖Φ(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
(
− 1H2
)
×1
2
T Φ(p, η)T Φ(q, η)
{
j`p(pχ¯)
[
∂2
∂χ¯2
j`q(qχ¯)
]
+ j`q(qχ¯)
[
∂2
∂χ¯2
j`p(pχ¯)
]}
j`(kχ¯) , (114)
M(Φ′)2(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
(
1
H2
)
×
[
∂
∂η
T Φ(p, η)
] [
∂
∂η
T Φ(q, η)
]
j`p(pχ¯)j`q(qχ¯)j`(kχ¯) , (115)
MΦ∂‖Φ
′(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
(
1
H2
)
×1
2
{
T Φ(p, η)
[
∂
∂η
T Φ(q, η)
]
j`p(pχ¯)
[
∂
∂χ¯
j`q(qχ¯)
]
+ TΦ(q, η)
[
∂
∂η
T Φ(p, η)
]
j`q(qχ¯)
[
∂
∂χ¯
j`p(pχ¯)
]}
j`(kχ¯) ,
(116)
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MΦΦ′′(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
(
− 1H2
)
×1
2
{
T Φ(p, η)
[
∂2
∂η2
T Φ(q, η)
]
+ T Φ(q, η)
[
∂2
∂η2
T Φ(p, η)
]}
j`p(pχ¯)j`q(qχ¯)j`(kχ¯) , (117)
M(∂‖v)
2(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
×1
2
[
1− 2be + b2e +
∂be
∂ ln a¯
+ 8Q− 4Qbe + 4Q2 − 4 ∂Q
∂ ln L¯
− 4 ∂Q
∂ ln a¯
+ 2 (1− be + 2Q) H
′
H2 −
H′′
H3 + 3
(H′
H2
)2
+
6
χ¯
H′
H3 (1−Q) +
2
χ¯H
(
2− 2be − 2Q+ 2beQ− 4Q2 + 4 ∂Q
∂ ln L¯
+ 2
∂Q
∂ ln a¯
)
+
2
χ¯2H2
(
1−Q+ 2Q2 − 2 ∂Q
∂ ln L¯
)]
×T v(p, η)T v(q, η)
[
∂
∂χ¯
j`p(pχ¯)
] [
∂
∂χ¯
j`q(qχ¯)
]
j`(kχ¯) , (118)
M(∂
2
‖v)
2(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
(
1
H2
)
×T v(p, η)T v(q, η)
[
∂2
∂χ¯2
j`p(pχ¯)
] [
∂2
∂χ¯2
j`q(qχ¯)
]
j`(kχ¯) , (119)
MΦ
′∂‖v(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
(
1
H
)[
− 1 + 2be − 2Q− 3H
′
H2
−4 (1−Q)
χ¯H
]
× 1
2
{[
∂
∂η
T Φ(p, η)
]
T v(q, η) j`p(pχ¯)
[
∂
∂χ¯
j`q(qχ¯)
]
+
[
∂
∂η
T Φ(q, η)
]
T v(p, η) j`q(qχ¯)
[
∂
∂χ¯
j`p(pχ¯)
]}
j`(kχ¯) , (120)
M∂‖v∂
2
‖v(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
(
1
H
)[
1− 2be + 4Q+ 3H
′
H2
+
4 (1−Q)
χ¯H
]
× 1
2
T v(p, η)T v(q, η)
{[
∂
∂χ¯
j`p(pχ¯)
] [
∂2
∂χ¯2
j`q(qχ¯)
]
+
[
∂
∂χ¯
j`q(qχ¯)
] [
∂2
∂χ¯2
j`p(pχ¯)
]}
j`(kχ¯) , (121)
M∂‖Φ∂‖v(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = 2δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯) (1−Q)H
×1
2
[
T Φ(p, η)T v(q, η) + T Φ(q, η)T v(p, η)
] [
∂
∂χ¯
j`p(pχ¯)
] [
∂
∂χ¯
j`q(qχ¯)
]
j`(kχ¯) , (122)
M∂
2
‖Φ∂‖v(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
(
1
H2
)
×1
2
{
T Φ(p, η)T v(q, η)
[
∂2
∂χ¯2
j`p(pχ¯)
] [
∂
∂χ¯
j`q(qχ¯)
]
+ T Φ(q, η)T v(p, η)
[
∂2
∂χ¯2
j`q(qχ¯)
] [
∂
∂χ¯
j`p(pχ¯)
]}
j`(kχ¯) ,
(123)
M∂‖Φ
′∂‖v(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
(
− 1H2
)
×1
2
{[
∂
∂η
T Φ(p, η)
]
T v(q, η) +
[
∂
∂η
T Φ(q, η)
]
T v(p, η)
}[
∂
∂χ¯
j`p(pχ¯)
] [
∂
∂χ¯
j`q(qχ¯)
]
j`(kχ¯) , (124)
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MΦ
′′∂‖v(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
(
1
H2
)
×1
2
{[
∂2
∂η2
T Φ(p, η)
]
T v(q, η) j`p(pχ¯)
[
∂
∂χ¯
j`q(qχ¯)
]
+
[
∂2
∂η2
T Φ(q, η)
]
T v(p, η) j`q(qχ¯)
[
∂
∂χ¯
j`p(pχ¯)
]}
×j`(kχ¯) , (125)
M∂‖v∂
3
‖v(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
(
1
H2
)
×1
2
T v(p, η)T v(q, η)
{[
∂
∂χ¯
j`p(pχ¯)
] [
∂3
∂χ¯3
j`q(qχ¯)
]
+
[
∂
∂χ¯
j`q(qχ¯)
] [
∂3
∂χ¯3
j`p(pχ¯)
]}
j`(kχ¯) , (126)
MΦ
′∂2‖v(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = −2δK¯`0δKm¯0(4pi)3ℵ∗` (k)(−1)mi`p+`qG
``p`q
−mmpmq
∫
dχ¯ χ¯2W(χ¯)
(
1
H2
)
×1
2
{[
∂
∂η
T Φ(p, η)
]
T v(q, η) j`p(pχ¯)
[
∂2
∂χ¯2
j`q(qχ¯)
]
+
[
∂
∂η
T Φ(q, η)
]
T v(p, η) j`q(qχ¯)
[
∂2
∂χ¯2
j`p(pχ¯)
]}
×j`(kχ¯) , (127)
MQ(1)Φ(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = 2δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
(
2− 1
χ¯H
)
×1
2
[
T Q(1)(p, η)T Φ(q, η) + T Q(1)(q, η)T Φ(p, η)
]
j`p(pχ¯)j`q(qχ¯)j`(kχ¯) , (128)
MQ
(1)∂‖v(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = −2δK¯`0δKm¯0(4pi)3ℵ∗` (k)(−1)mi`p+`qG
``p`q
−mmpmq
∫
dχ¯ χ¯2W(χ¯)
(
1− 1
χ¯H
)
×1
2
{
T Q(1)(p, η)T v(q, η) j`p(pχ¯)
[
∂
∂χ¯
j`q(qχ¯)
]
+ T Q(1)(q, η)T v(p, η) j`q(qχ¯)
[
∂
∂χ¯
j`p(pχ¯)
]}
j`(kχ¯) . (129)
C. Terms from ∆
(2)
g loc−3 [see Eq. (47)]
In ∆
(2)
g loc−3 [see Eq. (47)], we find all local projection terms with transverse partial derivatives and we can write
these terms as
1
2
∆rs(2)(x, η) =
[
∂⊥iWr
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
)
∆r(1)(x, η)
] [
∂i⊥Ws
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
)
∆s(1)(x, η)
]
, (130)
where here the indices r, s, and rs have the same meaning of the superscript i, j and ij of previous subsection, ∆s(1)
was already defined in the previous subsection, and
∂⊥iWj
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
)
∆(1)j(x, η) =
∫
d3k
(2pi)3
[
∂⊥iWj
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
)
T j(k, η)eikx
]
Φp(k) (131)
=
∑
`m
4pii` [∂⊥iY`m(nˆ)]
∫
d3k
(2pi)3
[
Wj
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
,
)
T j(k, η)j`(kχ¯)
]
Y ∗`m(kˆ)Φp(k) . (132)
Starting from (see Appendix C)
∂⊥iY`m(nˆ) =
1
χ¯
(2)∇iY`m(nˆ) = 1
χ¯
(
m+im
j
−
(2)∇jY`m(nˆ) +m−imj+(2)∇jY`m(nˆ)
)
= − 1
χ¯
√
1
2
(
m+i ðY`m(nˆ) +m−i ð¯Y`m(nˆ)
)
=
1
χ¯
√
`(`+ 1)
2
[−m+i 1Y`m(nˆ) +m−i −1Y`m(nˆ)] , (133)
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where we used
m±m∓ = 1 , m±m± = 0 , Pji = m+imj− +m−imj+ ,
ðY`m =
√
`(`+ 1) 1Y`m and ð¯Y`m = −
√
`(`+ 1) −1Y`m , (134)
we find
1
2
∆rs(2)(x, η) = −
∑
`pmp`qmq
(4pi)2i`p+`q
√
`p(`p + 1)`q(`q + 1)
2χ¯2
[
1Y`pmp(nˆ) −1Y`qmq(nˆ) + −1Y`pmp(nˆ) +1Y`qmq(nˆ)
]
×
∫
d3p
(2pi)3
d3q
(2pi)3
1
2
{[
Wr
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
,
)
T r(p, η)j`p(pχ¯)
][
Ws
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
,
)
T s(q, η)j`p(qχ¯)
]
+
[
Wr
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
,
)
T r(q, η)j`q(qχ¯)
][
Ws
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
,
)
T s(p, η)j`p(pχ¯)
]}
Y ∗`pmp(pˆ)Y
∗
`qmq(qˆ)
×Φp(p)Φp(q) . (135)
Here (2)∇i is the covariant derivate on the unit sphere, ð (ð¯) is the spin raising (lowering) operator and sY`m are
spin-weighted spherical harmonics (for more details, see Appendix C). Using
s1Y`1m1(nˆ) s2Y`2m2(nˆ) =
∑
˜`m˜s˜
(−1)m˜+s˜ −s˜Y˜`−m˜(nˆ) I−s1−s2−s˜`1`2 ˜`
(
`1 `2 ˜`
m1 m2 m˜
)
, (136)
where we have defined
Is1s2s3`1`2`3 =
√
(2`1 + 1)(2`2 + 1)(2`3 + 1)
4pi
(
`1 `2 `3
s1 s2 s3
)
, (137)
we have[
1Y`pmp(nˆ) −1Y`qmq(nˆ) + −1Y`pmp(nˆ) +1Y`qmq(nˆ)
]
=
∑
˜`m˜
(−1)m˜ Y˜`−m˜(nˆ)
(
I−110
`p`q ˜`
+ I1−10
`p`q ˜`
)(
`p `q ˜`
mp mq m˜
)
(138)
i.e. we can set s˜ = 0 (because s1 + s2 + s˜ = 0 where s˜ = s3). This implies that we can project ∆
a(2)(x) on |k`m〉
space and finally obtain
1
2
∆
rs(2)
`m (k) =
∑
`pmp`qmq
∫
d3p
(2pi)3
d3q
(2pi)3
{
(4pi)2ℵ∗` (k)(−1)m+1i`p+`q
√
`p(`p + 1)`q(`q + 1)
2
(
`p `q `
mp mq −m
)
×
(
I−110`p`q` + I1−10`p`q`
)∫
dχ¯ W(χ¯) 1
2
[(
Wr
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
,
)
T r(p, η)j`p(pχ¯)
)
×
(
Ws
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
,
)
T s(q, η)j`p(qχ¯)
)
+
(
Wr
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
,
)
T r(q, η)j`q(qχ¯)
)
×
(
Ws
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
,
)
T s(p, η)j`p(pχ¯)
)]
j`(kχ¯)
}
Y ∗`pmp(pˆ)Y
∗
`qmq(qˆ)Φp(p)Φp(q) . (139)
Here we may further simplify the notation in the following way. We note that(
`p `q ˜`
−1 1 0
)
= (−1)`p+`q+˜`
(
`p `q ˜`
1 −1 0
)
then we find
I−110
`p`q ¯`
+ I1−10
`p`q ˜`
=
[
1 + (−1)`p+`q+˜`]I1−10
`p`q ˜`
=

2 I1−10
`p`q ˜`
`p + `q + ˜` even
0 `p + `q + ˜` odd .
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Given that `p + `q + ¯` is even, we can use the following identity [149](
`p `q ˜`
1 −1 0
)
=
[˜`(˜`+ 1)− `p(`p + 1)− `q(`q + 1)]
2
√
`p(`p + 1)`q(`q + 1)
(
`p `q ˜`
0 0 0
)
and defining [134]
Imm1m2``1`2 = (−1)m
[`1(`1 + 1) + `2(`2 + 1)− `(`+ 1)]
2
G``1`2−mm1m2 , (140)
we can rewrite Eq. (139) as
1
2
∆
rs(2)
`m (k) =
∑
`pmp`qmq
∫
d3p
(2pi)3
d3q
(2pi)3
{
(4pi)2ℵ∗` (k)i`p+`q Immpmq``p`p
∫
dχ¯ W(χ¯)
× 1
2
[(
Wr
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
,
)
T r(p, η)j`p(pχ¯)
)(
Ws
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
,
)
T s(q, η)j`p(qχ¯)
)
+
(
Wr
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
,
)
T r(q, η)j`q(qχ¯)
)(
Ws
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
,
)
T s(p, η)j`p(pχ¯)
)]
j`(kχ¯)
}
× Y ∗`pmp(pˆ)Y ∗`qmq(qˆ)Φp(p)Φp(q) . (141)
and, explicitly, we have
Mrs(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)i`p+`q Immpmq``p`p
∫
dχ¯ W(χ¯)
× 1
2
[(
Wr
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
,
)
T r(p, η)j`p(pχ¯)
)(
Ws
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
,
)
T s(q, η)j`p(qχ¯)
)
+
(
Wr
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
,
)
T r(q, η)j`q(qχ¯)
)(
Ws
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
,
)
T s(p, η)j`p(pχ¯)
)]
j`(kχ¯) . (142)
Applying Eq.(142) for each term in Eq.(47) we find
M∂⊥v∂⊥Φ(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)i`p+`q Immpmq``p`p
∫
dχ¯ W(χ¯)
×
(
1
H
)
1
2
[
T Φ(p, η)T v(q, η) + T Φ(q, η)T v(p, η)
]
j`p(pχ¯)j`q(qχ¯)j`(kχ¯) , (143)
M∂⊥v∂⊥∂‖v(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = −2δK¯`0δKm¯0(4pi)3ℵ∗` (k)i`p+`q I
mmpmq
``p`p
∫
dχ¯ W(χ¯)
×
(
1
H
)
T v(p, η)T v(q, η) ∂
∂χ¯
[
j`p(pχ¯)j`q(qχ¯)
]
j`(kχ¯) , (144)
M∂⊥v∂⊥v(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)i`p+`q Immpmq``p`p
∫
dχ¯ W(χ¯)
× 1
2
(
−1 + be − H
′
H2 − 2Q
)
T v(p, η)T v(q, η) j`p(pχ¯)j`q(qχ¯)j`(kχ¯) . (145)
D. Terms from ∆
(2)
g int−1 [see Eq. (49)]
∆
(2)
g int−1 contains convergence, ISW and STD terms. Then, in Eq. (49), we have two possible contributions:
(i)
1
2
∆j(2)(x, η) =
∑
kj
Wkj
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
)
∆(1)kj (x, η)
× ∫ χ¯
0
dχ˜ Wj
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
,4nˆ
)
Φ(x˜, η˜) (146)
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or (ii)
1
2
∆ij(2)(x, η) =
[∫ χ¯
0
dχ˜ Wi
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
,4nˆ
)
Φ(x˜, η˜)
]
×
[∫ χ¯
0
dχ˜ Wj
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
,4nˆ
)
Φ(x˜, η˜)
]
.
(147)
For the case (i) we obtain
1
2
∆j(2)(x, η) =
∫
d3p
(2pi)3
d3q
(2pi)3
{ ∑
`pmp`qmq
(4pi)2i`p+`q
∫ χ¯
0
dχ˜
∑
kj
1
2
[(
Wkj
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
)
T kj (p, η)j`p(pχ¯)
)
(
Wj`q
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(q, η˜)j`q(qχ˜)
)
+
(
Wkj
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
)
T kj (q, η)j`q(qχ¯)
)
(
Wj`p
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(p, η˜)j`p(pχ˜)
)]
Y`pmp(nˆ)Y`qmq(nˆ)
}
Y ∗`pmp(pˆ)Y
∗
`qmq(qˆ) Φp(p)Φp(q) , (148)
and, using the Gaunt integral Eq.(5), ∆j(2)(x)/2 projected in |k`m〉 space turns out
1
2
∆
j(2)
`m (k) =
∑
`pmp`qmq
∫
d3p
(2pi)3
d3q
(2pi)3
{
(4pi)2ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
∫ χ¯
0
dχ˜
∑
kj
× 1
2
[(
Wkj
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
)
T kj (p, η)j`p(pχ¯)
)(
Wj`q
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(q, η˜)j`q(qχ˜)
)
+
(
Wkj
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
)
T kj (q, η)j`q(qχ¯)
)(
Wj`p
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(p, η˜)j`p(pχ˜)
)]
j`(kχ¯)
}
× Y ∗`pmp(pˆ)Y ∗`qmq(qˆ) Φp(p)Φp(q) , (149)
and the transfer function can be written in the following way
Mj(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
∫ χ¯
0
dχ˜
∑
kj
× 1
2
{[
Wkj
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
)
T kj (p, η)j`p(pχ¯)
][
Wj`q
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(q, η˜)j`q(qχ˜)
]
+
[
Wkj
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
)
T kj (q, η)j`q(qχ¯)
][
Wj`p
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(p, η˜)j`p(pχ˜)
]}
j`(kχ¯) . (150)
Likewise, for (ii), we have
Mij(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
∫ χ¯
0
dχp
∫ χ¯
0
dχq
× 1
2
{[
Wi`p
(
χ¯, χp, η, ηp,
∂
∂χp
,
∂
∂ηp
)
T Φ(p, ηp)j`p(pχp)
][
Wj`q
(
χ¯, χq, η, ηq,
∂
∂χq
,
∂
∂ηq
)
T Φ(q, ηq)j`q(qχq)
]
+
[
Wi`q
(
χ¯, χq, η, ηq,
∂
∂χq
,
∂
∂ηq
)
T Φ(q, ηq)j`q(qχq)
][
Wj`p
(
χ¯, χp, η, ηp,
∂
∂χp
,
∂
∂ηp
)
T Φ(p, ηp)j`p(pχp)
]}
j`(kχ¯) .
(151)
28
Explicitly, we list the terms computed from Eq. (49)
MI(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
∫ χ¯
0
dχ˜
×
{[
− 2be + 2beQ− 4Q2 + 4 ∂Q
∂ ln L¯
+ 2
∂Q
∂ ln a¯
+ 2
H′
H2 (1−Q) +
2
χ¯H
(
2Q2 − 2 ∂Q
∂ ln L¯
)]
×
[
T Φ(p, η)
(
− ∂
∂η˜
T Φ(q, η˜)
)
j`p(pχ¯)j`q(qχ˜) + T Φ(q, η)
(
− ∂
∂η˜
T Φ(p, η˜)
)
j`p(pχ˜)j`q(qχ¯)
]
+
1
H
[
1− 2be + 4Q+ 3H
′
H2 +
4 (1−Q)
χ¯H
] [
T v(p, η)
(
∂2
∂χ¯2
j`p(pχ¯)
)(
− ∂
∂η˜
T Φ(q, η˜)
)
j`q(qχ˜)
+T v(q, η)
(
∂2
∂χ¯2
j`q(qχ¯)
)(
− ∂
∂η˜
T Φ(p, η˜)
)
j`p(pχ˜)
]
+
1
H
[
−1 + 2be − 2Q− 3H
′
H2 −
4 (1−Q)
χ¯H
]
×
[(
∂
∂η
T Φ(p, η)
)
j`p(pχ¯)
(
− ∂
∂η˜
T Φ(q, η˜)
)
j`q(qχ˜) +
(
∂
∂η
T Φ(q, η)
)
j`q(qχ¯)
(
− ∂
∂η˜
T Φ(p, η˜)
)
j`p(pχ˜)
]
+
(1− 2Q)
H
[
T Φ(p, η)
(
∂
∂χ¯
j`p(pχ¯)
)(
− ∂
∂η˜
T Φ(q, η˜)
)
j`q(qχ˜) + T Φ(q, η)
(
∂
∂χ¯
j`q(qχ¯)
)(
− ∂
∂η˜
T Φ(p, η˜)
)
j`p(pχ˜)
]
+
1
H2
[
T Φ(p, η)
(
∂2
∂χ¯2
j`p(pχ¯)
)(
− ∂
∂η˜
T Φ(q, η˜)
)
j`q(qχ˜) + T Φ(q, η)
(
∂2
∂χ¯2
j`q(qχ¯)
)(
− ∂
∂η˜
T Φ(p, η˜)
)
j`p(pχ˜)
]
+
1
H2
[
T v(p, η)
(
∂3
∂χ¯3
j`p(pχ¯)
)(
− ∂
∂η˜
T Φ(q, η˜)
)
j`q(qχ˜) + T v(q, η)
(
∂3
∂χ¯3
j`q(qχ¯)
)(
− ∂
∂η˜
T Φ(p, η˜)
)
j`p(pχ˜)
]
− 1H2
[(
∂
∂η
T Φ(p, η)
)(
∂
∂χ¯
j`p(pχ¯)
)(
− ∂
∂η˜
T Φ(q, η˜)
)
j`q(qχ˜)
+
(
∂
∂η
T Φ(q, η)
)(
∂
∂χ¯
j`q(qχ¯)
)(
− ∂
∂η˜
T Φ(p, η˜)
)
j`p(pχ˜)
]
+
1
H2
[(
∂2
∂η2
T Φ(p, η)
)
j`p(pχ¯)
(
− ∂
∂η˜
T Φ(q, η˜)
)
j`q(qχ˜)
+
(
∂2
∂η2
T Φ(q, η)
)
j`q(qχ¯)
(
− ∂
∂η˜
T Φ(p, η˜)
)
j`p(pχ˜)
]
+
[
be − 2Q− H
′
H2 −
2
χ¯H (1−Q)
]
×
[
T δg (p, η)j`p(pχ¯)
(
− ∂
∂η˜
T Φ(q, η˜)
)
j`q(qχ˜) + T δg (q, η)j`q(qχ¯)
(
− ∂
∂η˜
T Φ(p, η˜)
)
j`p(pχ˜)
]
− 1H
[
T δg (p, η)
(
∂
∂χ¯
j`p(pχ¯)
)(
− ∂
∂η˜
T Φ(q, η˜)
)
j`q(qχ˜) + T δg (q, η)
(
∂
∂χ¯
j`q(qχ¯)
)(
− ∂
∂η˜
T Φ(p, η˜)
)
j`p(pχ˜)
]
+
1
H
[(
∂
∂η
T δg (p, η)
)
j`p(pχ¯)
(
− ∂
∂η˜
T Φ(q, η˜)
)
j`q(qχ˜) +
(
∂
∂η
T δg (q, η)
)
j`q(qχ¯)
(
− ∂
∂η˜
T Φ(p, η˜)
)
j`p(pχ˜)
]
−2
(
1− 1
χ¯H
)[
T Q(p, η)
(
− ∂
∂η˜
T Φ(q, η˜)
)
j`p(pχ¯)j`q(qχ˜) + T Q(q, η)
(
− ∂
∂η˜
T Φ(p, η˜)
)
j`p(pχ˜)j`q(qχ¯)
]}
j`(kχ¯) ,
(152)
MI2(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = 2δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
∫ χ¯
0
dχp
∫ χ¯
0
dχq
×
{
be + b
2
e +
∂be
∂ ln a¯
+ 2Q− 4Qbe + 4Q2 − 4 ∂Q
∂ ln L¯
− 4 ∂Q
∂ ln a¯
+ (−1− 2be + 4Q) H
′
H2 −
H′′
H3 + 3
(H′
H2
)2
+
6
χ¯
H′
H3 (1−Q) +
2
χ¯H
[
−1− 2be +Q− 4Q2 + 2beQ+ 4 ∂Q
∂ ln L¯
+ 2
∂Q
∂ ln a¯
]
+
2
χ¯2H2
(
1−Q+ 2Q2 − 2 ∂Q
∂ ln L¯
)}
×
(
∂
∂ηp
T Φ(p, ηp)
)(
∂
∂ηq
T Φ(q, ηq)
)
j`p(pχp)j`q(qχq)j`(kχ¯) , (153)
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MIT (2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
∫ χ¯
0
dχp
∫ χ¯
0
dχq
×
{
− 2
χ¯
[
−
(
be − beQ+ 2Q2 − 2 ∂Q
∂ ln L¯
− ∂Q
∂ ln a¯
)
+
H′
H2 (1−Q) +
1
χ¯H
(
1−Q+ 2Q2 − 2 ∂Q
∂ ln L¯
)]
×
[(
− ∂
∂ηp
T Φ(p, ηp)
)
T Φ(q, ηq) +
(
− ∂
∂ηq
T Φ(q, ηq)
)
T Φ(p, ηp)
]
j`p(pχp)j`q(qχq)j`(kχ¯)
}
, (154)
MT (2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
∫ χ¯
0
dχ˜
×
{
− 2
χ¯
(
−1 +Q+ 2Q2 − 2 ∂Q
∂ ln L¯
)[
T Φ(p, η)T Φ(q, η˜)j`p(pχ¯)j`q(qχ˜) + T Φ(q, η)T Φ(p, η˜)j`p(pχ˜)j`q(qχ¯)
]
−
[
−be + 2Q+ H
′
H2 +
4 (1−Q)
χ¯H
] [
T v(p, η)
(
∂2
∂χ¯2
j`p(pχ¯)
)
T Φ(q, η˜)j`q(qχ˜)
+T v(q, η)
(
∂2
∂χ¯2
j`q(qχ¯)
)
T Φ(p, η˜)j`p(pχ˜)
]
− 2
[
be − 2Q− H
′
H2 −
3 (1−Q)
χ¯H
]
×
[(
∂
∂η
T Φ(p, η)
)
j`p(pχ¯)T Φ(q, η˜)j`q(qχ˜) +
(
∂
∂η
T Φ(q, η)
)
j`q(qχ¯)T Φ(p, η˜)j`p(pχ˜)
]
−
[
1 + be − 4Q− H
′
H2 − (1−Q)
2
χ¯H
] [
T Φ(p, η)
(
∂
∂χ¯
j`p(pχ¯)
)
T Φ(q, η˜)j`q(qχ˜)
+T Φ(q, η)
(
∂
∂χ¯
j`q(qχ¯)
)
T Φ(p, η˜)j`p(pχ˜)
]
− 1H
[
T v(p, η)
(
∂3
∂χ¯3
j`p(pχ¯)
)
T Φ(q, η˜)j`q(qχ˜)
+T v(q, η)
(
∂3
∂χ¯3
j`q(qχ¯)
)
T Φ(p, η˜)j`p(pχ˜)
]
+
1
H
[(
∂
∂η
T Φ(p, η)
)(
∂
∂χ¯
j`p(pχ¯)
)
T Φ(q, η˜)j`q(qχ˜)
+
(
∂
∂η
T Φ(q, η)
)(
∂
∂χ¯
j`q(qχ¯)
)
T Φ(p, η˜)j`p(pχ˜)
]
+
2
χ¯
(1−Q)
[
T δg (p, η)j`p(pχ¯)T Φ(q, η˜)j`q(qχ˜) + T δg (q, η)j`q(qχ¯)T Φ(p, η˜)j`p(pχ˜)
]
+
[
T δg (p, η)
(
∂
∂χ¯
j`p(pχ¯)
)
T Φ(q, η˜)j`q(qχ˜) + T δg (q, η)
(
∂
∂χ¯
j`q(qχ¯)
)
T Φ(p, η˜)j`p(pχ˜)
]
− 2
χ¯
[
T Q(p, η)T Φ(q, η˜)j`p(pχ¯)j`q(qχ˜) + T Q(q, η)T Φ(p, η˜)j`p(pχ˜)j`q(qχ¯)
]}
j`(kχ¯) , (155)
MT 2(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = 4δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ W(χ¯)
(
1−Q+ 2Q2 − 2 ∂Q
∂ ln L¯
)
×
∫ χ¯
0
dχp
∫ χ¯
0
dχq T Φ(p, ηp)T Φ(q, ηq)j`p(pχp)j`q(qχq)j`(kχ¯) , (156)
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Mκ(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
∫ χ¯
0
dχ˜
×
{[
− 1− 3Q+ 2Q2 − 2 ∂Q
∂ ln L¯
+ 2be − 2H
′
H2 −
5 (1−Q)
χ¯H
]
×
[
T Φ(p, η)j`p(pχ¯)
(
−`q(`q + 1) χ¯− χ˜
χ¯χ˜
)
T Φ(q, η˜)j`q(qχ˜)
+T Φ(q, η)j`q(qχ¯)
(
−`p(`p + 1) χ¯− χ˜
χ¯χ˜
)
T Φ(p, η˜)j`p(pχ˜)
]
+
(1−Q)
χ¯H
[
T v(p, η)
(
∂
∂χ¯
j`p(pχ¯)
)(
−`q(`q + 1) χ¯− χ˜
χ¯χ˜
)
T Φ(q, η˜)j`q(qχ˜)
+T v(q, η)
(
∂
∂χ¯
j`q(qχ¯)
)(
−`p(`p + 1) χ¯− χ˜
χ¯χ˜
)
T Φ(p, η˜)j`p(pχ˜)
]
+
(1−Q)
H
[
T v(p, η)
(
∂2
∂χ¯2
j`p(pχ¯)
)(
−`q(`q + 1) χ¯− χ˜
χ¯χ˜
)
T Φ(q, η˜)j`q(qχ˜)
+T v(q, η)
(
∂2
∂χ¯2
j`q(qχ¯)
)(
−`p(`p + 1) χ¯− χ˜
χ¯χ˜
)
T Φ(p, η˜)j`p(pχ˜)
]
− (1−Q)H
[(
∂
∂η
T Φ(p, η)
)
j`p(pχ¯)
(
−`q(`q + 1) χ¯− χ˜
χ¯χ˜
)
T Φ(q, η˜)j`q(qχ˜)
+
(
∂
∂η
T Φ(q, η)
)
j`q(qχ¯)
(
−`p(`p + 1) χ¯− χ˜
χ¯χ˜
)
T Φ(p, η˜)j`p(pχ˜)
]
− (1−Q)
[
T δg (p, η)j`p(pχ¯)
(
−`q(`q + 1) χ¯− χ˜
χ¯χ˜
)
T Φ(q, η˜)j`q(qχ˜)
+T δg (q, η)j`q(qχ¯)
(
−`p(`p + 1) χ¯− χ˜
χ¯χ˜
)
T Φ(p, η˜)j`p(pχ˜)
]
+
[
T Q(p, η)j`p(pχ¯)
(
−`q(`q + 1) χ¯− χ˜
χ¯χ˜
)
T Φ(q, η˜)j`q(qχ˜)
+T Q(q, η)j`q(qχ¯)
(
−`p(`p + 1) χ¯− χ˜
χ¯χ˜
)
T Φ(p, η˜)j`p(pχ˜)
]}
j`(kχ¯) , (157)
M
∫
χ˜
χ˜Φ′κ(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = 2δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯W(χ¯)(1−Q)
∫ χ¯
0
dχp
∫ χ¯
0
dχq
×
[
χp
(
∂
∂ηp
T Φ(p, ηp)
)
j`p(pχp)
(
−`q(`q + 1) χ¯− χq
χ¯χq
)
T Φ(q, ηq)j`q(qχq)
+ χq
(
∂
∂ηq
T Φ(q, ηq)
)
j`q(qχq)
(
−`p(`p + 1) χ¯− χp
χ¯χp
)
T Φ(p, ηp)j`p(pχp)
]
j`(kχ¯) ,
(158)
MTκ(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = 4δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯W(χ¯)
∫ χ¯
0
dχp
∫ χ¯
0
dχq
×
(
1−Q+Q2 − ∂Q
∂ ln L¯
) [
`q(`q + 1)
χ¯− χq
χ¯χq
T Φ(p, ηp)j`p(pχp)T Φ(q, ηq)j`q(qχq)
+ `p(`p + 1)
χ¯− χp
χ¯χp
T Φ(q, ηq)j`q(qχq)T Φ(p, ηp)j`p(pχp)
]
j`(kχ¯) , (159)
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Mκ2(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
(
1−Q+ 2Q2 − 2 ∂Q
∂ ln L¯
)
×
∫ χ¯
0
dχp
∫ χ¯
0
dχq
[
`q(`q + 1)`p(`p + 1)
χ¯− χq
χ¯χq
χ¯− χp
χ¯χp
T Φ(p, ηp)T Φ(q, ηq)j`p(pχp)j`q(qχq)j`(kχ¯)
]
. (160)
MIκ(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
×
[
2− be + beQ− 2Q− 2Q2 + 2 ∂Q
∂ ln L¯
+
∂Q
∂ ln a¯
+
H′
H2 (1−Q) +
1
χ¯H
(
3− 3Q+ 2Q2 − 2 ∂Q
∂ ln L¯
)]
×
∫ χ¯
0
dχp
∫ χ¯
0
dχq
[
`q(`q + 1)
χ¯− χq
χ¯χq
(
∂
∂ηp
T Φ(p, ηp)
)
j`p(pχp)T Φ(q, ηq)j`q(qχq)
+`p(`p + 1)
χ¯− χp
χ¯χp
(
∂
∂ηq
T Φ(q, ηq)
)
j`q(qχq)T Φ(p, ηp)j`p(pχp)
]
j`(kχ¯) , (161)
MI∇2⊥T (2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯W(χ¯)
[
− 2(1−Q)
(
1 +
1
χ¯H
)]
×
∫ χ¯
0
dχp
∫ χ¯
0
dχq
[(
− ∂
∂ηp
T Φ(p, ηp)
)
`q(`q + 1)T Φ(q, ηq) +
(
− ∂
∂ηq
T Φ(q, ηq)
)
`p(`p + 1)T Φ(p, ηp)
]
×j`p(pχp)j`q(qχq)j`(kχ¯) , (162)
M
∫
χ˜
χ˜Φ′∇2⊥T (2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ W(χ¯)
[
− 2(1−Q)
] ∫ χ¯
0
dχp
∫ χ¯
0
dχq
×
[
χp
(
∂
∂ηp
T Φ(p, ηp)
)
`q(`q + 1)T Φ(q, ηq) + χq
(
∂
∂ηq
T Φ(q, ηq)
)
`p(`p + 1)T Φ(p, ηp)
]
j`p(pχp)j`q(qχq)j`(kχ¯) ,
(163)
MT∇2⊥T (2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ W(χ¯)[2(1−Q)]
∫ χ¯
0
dχp
∫ χ¯
0
dχq
× [`q(`q + 1) + `p(`p + 1)] T Φ(p, ηp)T Φ(q, ηq)j`p(pχp)j`q(qχq)j`(kχ¯) , (164)
M∇2⊥T (2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ W(χ¯) (1−Q)H
∫ χ¯
0
dχ˜
×
{[
T Φ(p, η)j`p(pχ¯)`q(`q + 1)T Φ(q, η˜)j`q(qχ˜) + T Φ(q, η)j`q(qχ¯)`p(`p + 1)T Φ(p, η˜)j`p(pχ˜)
]
−
[
T v(p, η)
(
∂
∂χ¯
j`p(pχ¯)
)
`q(`q + 1)T Φ(q, η˜)j`q(qχ˜) + T v(q, η)
(
∂
∂χ¯
j`q(qχ¯)
)
`p(`p + 1)T Φ(p, η˜)j`p(pχ˜)
]}
j`(kχ¯) .
(165)
E. Terms from ∆
(2)
g int−2 [see Eq. (50)]
Here we have terms like ∂⊥iA(1)∂i⊥B
(1), where A(1) or B(1) can be a local or an integrated term at first order. From
∆
(2)
g int−2 we can write these terms as (i)
1
2
∆j(2)(x, η) =
∑
kj
∂⊥iWkj
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
)
∆(1)kj (x, η)
× ∫ χ¯
0
dχ˜ ∂˜i⊥Wj
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
,
)
Φ(x˜, η˜) (166)
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or (ii)
1
2
∆rs(2)(x, η) =
[∫ χ¯
0
dχ˜ ∂˜⊥iWr
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
)
Φ(x˜, η˜)
]
×
[∫ χ¯
0
dχ˜ ∂˜i⊥Ws
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
)
Φ(x˜, η˜)
]
, (167)
where here the index a = rs. Following the prescription in Sec. VI C we obtain∫ χ¯
0
dχ˜ ∂˜i⊥Wj
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
)
Φ(x˜, η˜) =
∫
d3k
(2pi)3
∫ χ¯
0
dχ˜
[
∂˜i⊥Wj
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T j(k, η˜)eikx˜
]
Φp(k)
=
∑
`m
∫
d3k
(2pi)3
(
4pii`
) ∫ χ¯
0
dχ˜
[
∂˜i⊥Y`m(nˆ)
] [
Wj
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T j(k, η˜)j`(kχ˜)
]
Y ∗`m(kˆ)Φp(k)
=
∑
`m
∫
d3k
(2pi)3
∫ χ¯
0
dχ˜
4pii`
χ˜
√
`(`+ 1)
2
(−mi+ 1Y`m(nˆ) +mi− −1Y`m(nˆ)) [Wj (χ¯, χ˜, η, η˜, ∂∂χ˜ , ∂∂η˜
)
T j(k, η˜)j`(kχ˜)
]
× Y ∗`m(kˆ)Φp(k) . (168)
Then, for (i) we find
1
2
∆j(2)(x, η) =
∫
d3p
(2pi)3
d3q
(2pi)3
{∫ χ¯
0
dχ˜
∑
`pmp`qmq
(4pi)2(−1)i`p+`q
√
`p(`p + 1)`q(`q + 1)
2χ¯χ˜
×
∑
kj
1
2
[(
Wkj
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
)
T kj (p, η)j`p(pχ¯)
)(
Wj`q
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(q, η˜)j`q(qχ˜)
)
+
(
Wkj
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
)
T kj (q, η)j`q(qχ¯)
)(
Wj`p
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(p, η˜)j`p(pχ˜)
)]
× [1Y`pmp(nˆ) −1Y`qmq(nˆ) + −1Y`pmp(nˆ) +1Y`qmq(nˆ)]
}
Y ∗`pmp(pˆ)Y
∗
`qmq(qˆ) Φp(p)Φp(q)
=
∫
d3p
(2pi)3
d3q
(2pi)3
{∫ χ¯
0
dχ˜
χ¯χ˜
∑
`pmp`qmq ˜`m˜
(4pi)2i`p+`q I
−m˜mpmq
˜``
p`q
×
∑
kj
1
2
[(
Wkj
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
)
T kj (p, η)j`p(pχ¯)
)(
Wj`q
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(q, η˜)j`q(qχ˜)
)
+
(
Wkj
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
)
T kj (q, η)j`q(qχ¯)
)(
Wj`p
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(p, η˜)j`p(pχ˜)
)]
Y¯`−m¯(nˆ)
}
× Y ∗`pmp(pˆ)Y ∗`qmq(qˆ) Φp(p)Φp(q)
(169)
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and, for (ii),
1
2
∆rs(2)(x) =
∫
d3p
(2pi)3
d3q
(2pi)3
{∫ χ¯
0
dχp
∫ χ¯
0
dχq
∑
`pmp`qmq
(4pi)2(−1)i`p+`q
√
`p(`p + 1)`q(`q + 1)
4χpχq
×
[(
Wr`p
(
χ¯, χp, η, ηp,
∂
∂χp
,
∂
∂ηp
)
T Φ(p, ηp)j`p(pχp)
)(
Ws`q
(
χ¯, χq, η, ηq,
∂
∂χq
,
∂
∂ηq
)
T Φ(q, ηq)j`q(qχq)
)
+
(
Wr`q
(
χ¯, χq, η, ηq,
∂
∂χq
,
∂
∂ηq
)
T Φ(q, ηq)j`q(qχq)
)(
Ws`p
(
χ¯, χp, η, ηp,
∂
∂χp
,
∂
∂ηp
)
T Φ(p, ηp)j`p(pχp)
)]
× [1Y`pmp(nˆ) −1Y`qmq(nˆ) + −1Y`pmp(nˆ) +1Y`qmq(nˆ)]
}
Y ∗`pmp(pˆ)Y
∗
`qmq(qˆ)Φp(p)Φp(q)
=
∫
d3p
(2pi)3
d3q
(2pi)3
{∫ χ¯
0
dχp
χp
∫ χ¯
0
dχq
χq
∑
`pmp`qmq ˜`m˜
(4pi)2 i`p+`qI
−m˜mpmq
˜``
p`q
×1
2
[(
Wr`p
(
χ¯, χp, η, ηp,
∂
∂χp
,
∂
∂ηp
)
T Φ(p, ηp)j`p(pχp)
)(
Ws`q
(
χ¯, χq, η, ηq,
∂
∂χq
,
∂
∂ηq
)
T Φ(q, ηq)j`q(qχq)
)
+
(
Wr`q
(
χ¯, χq, η, ηq,
∂
∂χq
,
∂
∂ηq
)
T Φ(q, ηq)j`q(qχq)
)(
Ws`p
(
χ¯, χp, η, ηp,
∂
∂χp
,
∂
∂ηp
)
T Φ(p, ηp)j`p(pχp)
)]
×Y¯`−m¯(nˆ)
}
Y ∗`pmp(pˆ)Y
∗
`qmq(qˆ)Φp(p)Φp(q) , (170)
where we have directly used the following identity:[
1Y`pmp(nˆ) −1Y`qmq(nˆ) + −1Y`pmp(nˆ) +1Y`qmq(nˆ)
]
=
∑
˜`m˜
−2√
`p(`p + 1)`q(`q + 1)
I
−m˜mpmq
˜``
p`q
Y˜`−m˜(nˆ) , (171)
where I
m˜mpmq
˜``
p`q
has already been defined in Eq. (140). Projecting these contributions in |k`m〉 space, we find, for i),
1
2
∆
j(2)
`m (k) =
∑
`pmp`qmq
∫
d3p
(2pi)3
d3q
(2pi)3
{
(4pi)2ℵ∗` (k)i`p+`q Immpmq``p`q
∫
dχ¯ χ¯W(χ¯)
∫ χ¯
0
dχ˜
χ˜
×
∑
kj
1
2
[(
Wkj
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
)
T kj (p, η)j`p(pχ¯)
)(
Wj`q
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(q, η˜)j`q(qχ˜)
)
+
(
Wkj
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
)
T kj (q, η)j`q(qχ¯)
)(
Wj`p
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(p, η˜)j`p(pχ˜)
)]
j`(kχ¯)
}
× Y ∗`pmp(pˆ)Y ∗`qmq(qˆ) Φp(p)Φp(q) (172)
and, consequently,
Mj(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)i`p+`q Immpmq``p`q
∫
dχ¯ χ¯W(χ¯)
∫ χ¯
0
dχ˜
χ˜
×
∑
kj
1
2
[(
Wkj
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
)
T kj (p, η)j`p(pχ¯)
)(
Wj`q
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(q, η˜)j`q(qχ˜)
)
+
(
Wkj
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
)
T kj (q, η)j`q(qχ¯)
)
×
(
Wj`p
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(p, η˜)j`p(pχ˜)
)]
j`(kχ¯) .
(173)
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Finally, for (ii), we have
1
2
∆
rs(2)
`m (k) =
∑
`pmp`qmq
∫
d3p
(2pi)3
d3q
(2pi)3
{
(4pi)2ℵ∗` (k) i`p+`q Immpmq``p`q
∫
dχ¯ χ¯2W(χ¯)
∫ χ¯
0
dχp
χp
∫ χ¯
0
dχq
χq
× 1
2
[(
Wr`p
(
χ¯, χp, η, ηp,
∂
∂χp
,
∂
∂ηp
)
T Φ(p, ηp)j`p(pχp)
)(
Ws`q
(
χ¯, χq, η, ηq,
∂
∂χq
,
∂
∂ηq
)
T Φ(q, ηq)j`q(qχq)
)
+
(
Wr`q
(
χ¯, χq, η, ηq,
∂
∂χq
,
∂
∂ηq
)
T Φ(q, ηq)j`q(qχq)
)(
Ws`p
(
χ¯, χp, η, ηp,
∂
∂χp
,
∂
∂ηp
)
T Φ(p, ηp)j`p(pχp)
)]
× j`(kχ¯)
}
Y ∗`pmp(pˆ)Y
∗
`qmq(qˆ)Φp(p)Φp(q) (174)
and
Mrs(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)i`p+`q Immpmq``p`p
∫
dχ¯ χ¯2W(χ¯)
∫ χ¯
0
dχp
χp
∫ χ¯
0
dχq
χq
× 1
2
[(
Wr`p
(
χ¯, χp, η, ηp,
∂
∂χp
,
∂
∂ηp
)
T Φ(p, ηp)j`p(pχp)
)(
Ws`q
(
χ¯, χq, η, ηq,
∂
∂χq
,
∂
∂ηq
)
T Φ(q, ηq)j`q(qχq)
)
+
(
Wr`q
(
χ¯, χq, η, ηq,
∂
∂χq
,
∂
∂ηq
)
T Φ(q, ηq)j`q(qχq)
)(
Ws`p
(
χ¯, χp, η, ηp,
∂
∂χp
,
∂
∂ηp
)
T Φ(p, ηp)j`p(pχp)
)]
j`(kχ¯).
(175)
Here below we list all transfer spherical multipole functions for cases (i) and (ii) :
MS⊥(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = −δK¯`0δKm¯0(4pi)3ℵ∗` (k)i`p+`q I
mmpmq
``p`p
∫
dχ¯ χ¯2W(χ¯)
∫ χ¯
0
dχ˜
χ˜
×
{[
T δg (p, η)j`p(pχ¯)T Φ(q, η˜)j`q(qχ˜) + T δg (q, η)j`q(qχ¯)T Φ(p, η˜)j`p(pχ˜)
]
−
[
1 + be − 4Q− H
′
H2 − 2
(1−Q)
χ¯H
] [
T Φ(p, η)j`p(pχ¯)T Φ(q, η˜)j`q(qχ˜) + T Φ(q, η)j`q(qχ¯)T Φ(p, η˜)j`p(pχ˜)
]
+
[
be − 2Q− H
′
H2 − 2
(1−Q)
χ¯H
] [
T v(p, η)
(
∂
∂χ¯
j`p(pχ¯)
)
T Φ(q, η˜)j`q(qχ˜) + T v(q, η)
(
∂
∂χ¯
j`q(qχ¯)
)
T Φ(p, η˜)j`p(pχ˜)
)]
+
1
H
[(
∂
∂η
T Φ(p, η)
)
j`p(pχ¯)T Φ(q, η˜)j`q(qχ˜) +
(
∂
∂η
T Φ(q, η)
)
j`q(qχ¯)T Φ(p, η˜)j`p(pχ˜)
]
− 1H
[
T v(p, η)
(
∂2
∂χ¯2
j`p(pχ¯)
)
T Φ(q, η˜)j`q(qχ˜) + T v(q, η)
(
∂2
∂χ¯2
j`q(qχ¯)
)
T Φ(p, η˜)j`p(pχ˜)
)]}
j`(kχ¯) , (176)
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M∂⊥T (2)
`m`pmp`qmq ¯`m¯
(k; p, q) = −δK¯`0δKm¯0(4pi)3ℵ∗` (k)i`p+`q I
mmpmq
``p`p
∫
dχ¯ χ¯W(χ¯)
∫ χ¯
0
dχ˜
×
{
−
[
T δg (p, η)j`p(pχ¯)T Φ(q, η˜)j`q(qχ˜) + T δg (q, η)j`q(qχ¯)T Φ(p, η˜)j`p(pχ˜)
]
− 1H
[(
∂
∂η
T Φ(p, η)
)
j`p(pχ¯)T Φ(q, η˜)j`q(qχ˜) +
(
∂
∂η
T Φ(q, η)
)
j`q(qχ¯)T Φ(p, η˜)j`p(pχ˜)
]
+
[
2 + be − 4Q− H
′
H2 − 2
(1−Q)
χ¯H
][
T Φ(p, η)j`p(pχ¯)T Φ(q, η˜)j`q(qχ˜) + T Φ(q, η)j`q(qχ¯)T Φ(p, η˜)j`p(pχ˜)
]
−
[
be − 2Q− H
′
H2 +
2Q
χ¯H
] [
T v(p, η)
(
∂
∂χ¯
j`p(pχ¯)
)
T Φ(q, η˜)j`q(qχ˜) + T v(q, η)
(
∂
∂χ¯
j`q(qχ¯)
)
T Φ(p, η˜)j`p(pχ˜)
)]
+
1
χ¯
[
be − 2Q− H
′
H2 +
2Q
χ¯H
][
T v(p, η)j`p(pχ¯)T Φ(q, η˜)j`q(qχ˜) + T v(q, η)j`q(qχ¯)T Φ(p, η˜)j`p(pχ˜)
)]
+
1
H
[
T v(p, η)
(
∂2
∂χ¯2
j`p(pχ¯)
)
T Φ(q, η˜)j`q(qχ˜) + T v(q, η)
(
∂2
∂χ¯2
j`q(qχ¯)
)
T Φ(p, η˜)j`p(pχ˜)
)]}
j`(kχ¯) , (177)
MS⊥∂⊥T (2)
`m`pmp`qmq ¯`m¯
(k; p, q) = −2δK¯`0δKm¯0(4pi)3ℵ∗` (k)i`p+`q I
mmpmq
``p`p
∫
dχ¯ χ¯W(χ¯)(1−Q)
∫ χ¯
0
dχp
χp
∫ χ¯
0
dχq
χq
×
[
χqT Φ(p, ηp)j`p(pχp)T Φ(q, ηq)j`q(qχq) + χpT Φ(q, ηq)j`q(qχq)T Φ(p, ηp)j`p(pχp)
]
j`(kχ¯) , (178)
MS⊥∂⊥I(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = −2δK¯`0δKm¯0(4pi)3ℵ∗` (k)i`p+`q I
mmpmq
``p`p
∫
dχ¯ χ¯2W(χ¯)(1−Q)
∫ χ¯
0
dχp
χp
∫ χ¯
0
dχq
χq
×
[
χqT Φ(p, ηp)j`p(pχp)
(
∂
∂ηq
T Φ(q, ηq)
)
j`q(qχq) + χpT Φ(q, ηq)j`q(qχq)
(
∂
∂ηp
T Φ(p, ηp)
)
j`p(pχp)
]
j`(kχ¯) ,
(179)
MS⊥∂⊥
∫
χ˜Φ′(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = 2δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)i`p+`q Immpmq``p`p
∫
dχ¯ χ¯W(χ¯)(1−Q)
∫ χ¯
0
dχp
χp
∫ χ¯
0
dχq
χq
×
[
χ2qT Φ(p, ηp)j`p(pχp)
(
∂
∂ηq
T Φ(q, ηq)
)
j`q(qχq) + χ
2
pT Φ(q, ηq)j`q(qχq)
(
∂
∂ηp
T Φ(p, ηp)
)
j`p(pχp)
]
j`(kχ¯) ,
(180)
Mϑijϑij(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)i`p+`q Immpmq``p`p
∫
dχ¯ W(χ¯)(1−Q)
∫ χ¯
0
dχp
χp
∫ χ¯
0
dχq
χq
× (χ¯− χp) (χ¯− χq) T Φ(p, ηp)j`p(pχp)T Φ(q, ηq)j`q(qχq)j`(kχ¯) , (181)
MS⊥S⊥(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = −2δK¯`0δKm¯0(4pi)3ℵ∗` (k)i`p+`q I
mmpmq
``p`p
∫
dχ¯ χ¯2W(χ¯)(1−Q)
∫ χ¯
0
dχp
χp
∫ χ¯
0
dχq
χq
×T Φ(p, ηp)j`p(pχp)T Φ(q, ηq)j`q(qχq)j`(kχ¯) . (182)
F. Terms from ∆
(2)
g int−3 [see Eq. (51) (only for scalar terms)]
In ∆
(2)
g int−3 we find integrated terms as, for example, ISW and STD at second order. In particular, for the first two
additive terms of Eq. (51), we can use the following expression
1
2
∆
a(2)
`m =
∫
d3x W(χ¯)ℵ∗` (k)j`(kχ)Y ∗`m(nˆ)
∫ χ¯
0
dχ˜ Wa
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
)
1
2
(
Φ(2)(x˜, η˜) + Ψ(2)(x˜, η˜)
)
. (183)
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In this case, applying the same prescription used in Sec. VI A, we find quickly
MT (2)(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = 2(4pi)3ℵ∗` (k)(−1)mi`p+`q(2¯`+ 1)−1G``p`q−mmpmq
∫
dχ¯ χ¯W(χ¯) (1−Q)
∫ χ¯
0
dχ˜
×
[
1
2
F
Φ(2)
¯` (p, q; η˜) +
1
2
F
Ψ(2)
¯` (p, q; η˜)
]
T Φ(p, η˜)T Φ(q, η˜)j`p(pχ˜)j`q(qχ˜)j`(kχ¯)
(184)
and
MI(2)(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = (4pi)3ℵ∗` (k)(−1)m+1i`p+`q(2¯`+ 1)−1G``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
[
be − 2Q− H
′
H2
−2(1−Q)
χ¯H
]
×
∫ χ¯
0
dχ˜
∂
∂η˜
{[
1
2
F
Φ(2)
¯` (p, q; η˜) +
1
2
F
Ψ(2)
¯` (p, q; η˜)
]
T Φ(p, η˜)T Φ(q, η˜)
}
j`p(pχ˜)j`q(qχ˜)j`(kχ¯) .
(185)
Using the same approach, the last two additive terms of Eq. (51) can be written together in the following way
1
2
∆[2∂⊥S
(2)−∇2⊥T (2)](2)(x, η) = −(1−Q)
∫ χ¯
0
dχ˜(χ¯− χ˜) χ˜
χ¯
∇˜2⊥
[
1
2
Φ(2)(x˜, η˜) +
1
2
Ψ(2)(x˜, η˜)
]
= −(1−Q)
∫ χ¯
0
dχ˜
(χ¯− χ˜)
χ¯χ˜
×
∑
`pmp`qmq ¯`m¯
(4pi)3i`p+`q(2¯`+ 1)−1 (2)∇2 [Y`pmp(nˆ)Y`qmq(nˆ)] ∫ d3p(2pi)3 d3q(2pi)3
{[
1
2
F
Φ(2)
¯` (p, q; η˜) +
1
2
F
Ψ(2)
¯` (p, q; η˜)
]
×T Φ(p, η˜)T Φ(q, η˜)j`p(pχ˜)j`q(qχ˜)
}
Y ∗`pmp(pˆ)Y¯`m¯(pˆ)Y
∗
`qmq(qˆ)Y
∗¯
`m¯(qˆ)Φp(p)Φp(q) . (186)
From Eq. (133), we note that
(2)∇2 [Y`pmp(nˆ)Y`qmq(nˆ)] = −`p(`p + 1)Y`pmp(nˆ)Y`qmq(nˆ)− `q(`q + 1)Y`pmp(nˆ)Y`qmq(nˆ)
−
√
`p(`p + 1)
√
`q(`q + 1)
[
1Y`pmp(nˆ) −1Y`qmq(nˆ) + −1Y`pmp(nˆ) +1Y`qmq(nˆ)
]
,
(187)
and using Eqs. (5) and (171) we find
M[2∂⊥S(2)−∇2⊥T (2)](2)
`m`pmp`qmq ¯`m¯
(k; p, q) = (4pi)3ℵ∗` (k)i`p+`q(2¯`+ 1)−1
{
− 2Imm1m2``1`2 +
[
`p(`p + 1) + `q(`q + 1)
]
(−1)mG``p`q−mmpmq
}
×
∫
dχ¯ χ¯W(χ¯) (1−Q)
∫ χ¯
0
dχ˜
(χ¯− χ˜)
χ˜
[
1
2
F
Φ(2)
¯` (p, q; η˜) +
1
2
F
Ψ(2)
¯` (p, q; η˜)
]
T Φ(p, η˜)T Φ(q, η˜)j`p(pχ˜)j`q(qχ˜)j`(kχ¯) .
(188)
Let us conclude by noting that, in Appendix F, we compute also these terms in a different way.
G. Terms from ∆
(2)
g int−4 [see Eq. (52)]
In ∆
(2)
g int−4, each contribution is an integral along the line of sight of the product between a local and an integrated
term (or two local terms). Specifically, we have the following possible terms (i)
1
2
∆ij(2)(x, η) =
∫ χ¯
0
dχ˜
{[
Wi
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
,4nˆ
)
Φ(x˜, η˜)
]
×
[
Wj
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
,4nˆ
)
Φ(x˜, η˜)
]}
, (189)
(ii)
1
2
∆uv(2)(x, η) =
∫ χ¯
0
dχ˜
{[
∂˜⊥iWu
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
,4nˆ
)
Φ(x˜, η˜)
]
×
[
∂˜i⊥Wv
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
,4nˆ
)
Φ(x˜, η˜)
]}
,
(190)
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(iii)
1
2
∆ij(2)(x, η) =
∫ χ¯
0
dχ˜
{[
Wi
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
,4nˆ
)
Φ(x˜, η˜)
]
×
[∫ χ˜
0
d˜˜χ Wj
(
χ˜, ˜˜χ, η˜, ˜˜η,
∂
∂ ˜˜χ
,
∂
∂ ˜˜η
,4nˆ
)
Φ
(
˜˜x, ˜˜η
)]}
,
(191)
and (iv)
1
2
∆uv(2)(x, η) =
∫ χ¯
0
dχ˜
{[
∂˜⊥iWu
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
,4nˆ
)
Φ(x˜, η˜)
]
×
[∫ χ˜
0
d˜˜χ
˜˜
∂i⊥Wv
(
χ˜, ˜˜χ, η˜, ˜˜η,
∂
∂ ˜˜χ
,
∂
∂ ˜˜η
,4nˆ
)
Φ
(
˜˜x, ˜˜η
)]}
. (192)
Following the approach used in the previous subsection we find, for (i),
1
2
∆
ij(2)
`m (k) =
∑
`pmp`qmq
∫
d3p
(2pi)3
d3q
(2pi)3
{
(4pi)2ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
∫ χ¯
0
dχ˜
×1
2
[
Wi`p
(
χ¯, η, χ˜, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(p, η˜)j`p(pχ˜) Wj`q
(
χ¯, η, χ˜, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(q, η˜)j`q(qχ˜)
+Wi`q
(
χ¯, η, χ˜, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(q, η˜)j`q(qχ˜) Wj`p
(
χ¯, η, χ˜, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(p, η˜)
]
×Y ∗`pmp(pˆ)Y ∗`qmq(qˆ)Φp(p)Φp(q) (193)
and, therefore,
Mij(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
∫ χ¯
0
dχ˜
× 1
2
[
Wi`p
(
χ¯, η, χ˜, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(p, η˜)j`p(pχ˜) Wj`q
(
χ¯, η, χ˜, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(q, η˜)j`q(qχ˜)
+ Wi`q
(
χ¯, η, χ˜, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(q, η˜)j`q(qχ˜) Wj`p
(
χ¯, η, χ˜, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(p, η˜)j`p(pχ˜)
]
j`(kχ¯) . (194)
For (ii), we obtain
1
2
∆
uv(2)
`m (k) =
∑
`pmp`qmq
∫
d3p
(2pi)3
d3q
(2pi)3
{
(4pi)2ℵ∗` (k)i`p+`q Immpmq``p`p
∫
dχ¯ χ¯2W(χ¯)
∫ χ¯
0
dχ˜
χ˜2
× 1
2
[
Wu`p
(
χ¯, η, χ˜, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(p, η˜)j`p(pχ˜) Wv`q
(
χ¯, η, χ˜, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(q, η˜)j`q(qχ˜)
+ Wu`q
(
χ¯, η, χ˜, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(q, η˜)j`q(qχ˜) Wv`p
(
χ¯, η, χ˜, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(p, η˜)j`p(pχ˜)
]
j`(kχ¯)
}
× Y ∗`pmp(pˆ)Y ∗`qmq(qˆ)Φp(p)Φp(q) (195)
and, consequently,
Muv(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)i`p+`q Immpmq``p`p
∫
dχ¯ χ¯2W(χ¯)
∫ χ¯
0
dχ˜
χ˜2
× 1
2
[
Wu`p
(
χ¯, η, χ˜, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(p, η˜)j`p(pχ˜) Wv`q
(
χ¯, η, χ˜, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(q, η˜)j`q(qχ˜)
+ Wu`q
(
χ¯, η, χ˜, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(q, η˜)j`q(qχ¯) Wv`p
(
χ¯, η, χ˜, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(p, η˜)j`p(pχ˜)
]
j`(kχ¯) . (196)
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Instead for (iii) we have
1
2
∆
ij(2)
`m (k) =
∑
`pmp`qmq
∫
d3p
(2pi)3
d3q
(2pi)3
{
(4pi)2ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
∫ χ¯
0
dχ˜
∫ χ˜
0
d˜˜χ
× 1
2
[
Wi`p
(
χ¯, η, χ˜, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(p, η˜)j`p(pχ˜) Wj`q
(
χ˜, ˜˜χ, η˜, ˜˜η,
∂
∂ ˜˜χ
,
∂
∂ ˜˜η
)
T Φ (q, ˜˜η) j`q (q ˜˜χ)
+ Wi`q
(
χ¯, η, χ˜, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(q, η˜)j`q(qχ¯) Wj`p
(
χ˜, ˜˜χ, η˜, ˜˜η,
∂
∂ ˜˜χ
,
∂
∂ ˜˜η
)
T Φ (p, ˜˜η) j`p (p ˜˜χ) ]j`(kχ¯)
}
× Y ∗`pmp(pˆ)Y ∗`qmq(qˆ)Φp(p)Φp(q) (197)
and so
Mij(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
∫ χ¯
0
dχ˜
∫ χ˜
0
d˜˜χ
× 1
2
[
Wi`p
(
χ¯, η, χ˜, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(p, η˜)j`p(pχ˜) Wj`q
(
χ˜, ˜˜χ, η˜, ˜˜η,
∂
∂ ˜˜χ
,
∂
∂ ˜˜η
)
T Φ (q, ˜˜η) j`q (q ˜˜χ)
+ Wi`q
(
χ¯, η, χ˜, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(q, η˜)j`q(qχ˜) Wj`p
(
χ˜, ˜˜χ, η˜, ˜˜η,
∂
∂ ˜˜χ
,
∂
∂ ˜˜η
)
T Φ (p, ˜˜η) j`p (p ˜˜χ) ]j`(kχ¯) .
(198)
Finally, for (iv), it turns out
1
2
∆
uv(2)
`m (k) =
∑
`pmp`qmq
∫
d3p
(2pi)3
d3q
(2pi)3
{
(4pi)2ℵ∗` (k)i`p+`q Immpmq``p`p
∫
dχ¯ χ¯2W(χ¯)
∫ χ¯
0
dχ˜
χ˜
∫ χ˜
0
d˜˜χ
˜˜χ
× 1
2
[
Wu`p
(
χ¯, η, χ˜, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(p, η˜)j`p(pχ˜) Wv`q
(
χ˜, ˜˜χ, η˜, ˜˜η,
∂
∂ ˜˜χ
,
∂
∂ ˜˜η
)
T Φ (q, ˜˜η) j`q (q ˜˜χ)
+ Wu`q
(
χ¯, η, χ˜, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(q, η˜)j`q(qχ¯) Wv`p
(
χ˜, ˜˜χ, η˜, ˜˜η,
∂
∂ ˜˜χ
,
∂
∂ ˜˜η
)
T Φ (p, ˜˜η) j`p (p ˜˜χ) ]j`(kχ¯)
}
× Y ∗`pmp(pˆ)Y ∗`qmq(qˆ)Φp(p)Φp(q) (199)
and hence
Muv(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)i`p+`q Immpmq``p`p
∫
dχ¯ χ¯2W(χ¯)
∫ χ¯
0
dχ˜
χ˜
∫ χ˜
0
d˜˜χ
˜˜χ
× 1
2
[
Wu`p
(
χ¯, η, χ˜, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(p, η˜)j`p(pχ˜) Wv`q
(
χ˜, ˜˜χ, η˜, ˜˜η,
∂
∂ ˜˜χ
,
∂
∂ ˜˜η
)
T Φ (q, ˜˜η) j`q (q ˜˜χ)
+ Wu`q
(
χ¯, η, χ˜, η˜,
∂
∂χ˜
,
∂
∂η˜
)
T Φ(q, η˜)j`q(qχ¯) Wv`p
(
χ˜, ˜˜χ, η˜, ˜˜η,
∂
∂ ˜˜χ
,
∂
∂ ˜˜η
)
T Φ (p, ˜˜η) j`p (p ˜˜χ) ]j`(kχ¯) . (200)
Here below we write explicitly all terms contained in Eq. (52):
M
∫
[Φ∂⊥S⊥](2)
`m`pmp`qmq ¯`m¯
(k; p, q) = 2δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
∫ χ¯
0
dχ˜
χ˜
∫ χ˜
0
d˜˜χ
˜˜χ
×
[
be − 3 +Q− H
′
H2 − 2
(1−Q)
χ¯H + 3
(1−Q) χ˜
χ¯
] [
`q(`q + 1)T Φ(p, η˜)j`p(pχ˜)T Φ
(
q, ˜˜η
)
j`q
(
q ˜˜χ
)
+ `p(`p + 1)T Φ(q, η˜)j`q(qχ˜)T Φ
(
p, ˜˜η
)
j`p
(
p ˜˜χ
) ]
j`(kχ¯) , (201)
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M
∫
[∂‖Φκ](2)
`m`pmp`qmq ¯`m¯
(k; p, q) = −2δK¯`0δKm¯0(4pi)3ℵ∗` (k)(−1)mi`p+`qG
``p`q
−mmpmq
∫
dχ¯ χ¯2W(χ¯)
∫ χ¯
0
dχ˜
χ˜
∫ χ˜
0
d˜˜χ
(χ˜− ˜˜χ)
˜˜χ
×
[
2− be + H
′
H2 + 2
(1−Q)
χ¯H −
(1−Q) χ˜
χ¯
]{
`q(`q + 1)T Φ(p, η˜)
[
∂
∂χ˜
j`p(pχ˜)
]
T Φ (q, ˜˜η) j`q (q ˜˜χ)
+ `p(`p + 1)T Φ(q, η˜)
[
∂
∂χ˜
j`q(qχ˜)
]
T Φ (p, ˜˜η) j`p (p ˜˜χ)
}
j`(kχ¯) , (202)
M
∫
[Φ′κ](2)
`m`pmp`qmq ¯`m¯
(k; p, q) = 2δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
∫ χ¯
0
dχ˜
χ˜
∫ χ˜
0
d˜˜χ
(χ˜− ˜˜χ)
˜˜χ
×
[
2− be + H
′
H2 + 2
(1−Q)
χ¯H −
(1−Q) χ˜
χ¯
]{
`q(`q + 1)
[
∂
∂η˜
T Φ(p, η˜)
]
j`p(pχ˜)T Φ
(
q, ˜˜η
)
j`q
(
q ˜˜χ
)
+ `p(`p + 1)
[
∂
∂η˜
T Φ(q, η˜)
]
j`q(qχ˜)T Φ
(
p, ˜˜η
)
j`p
(
p ˜˜χ
)}
j`(kχ¯) , (203)
M
∫
[Φκ](2)
`m`pmp`qmq ¯`m¯
(k; p, q) = −2δK¯`0δKm¯0(4pi)3ℵ∗` (k)(−1)mi`p+`qG
``p`q
−mmpmq
∫
dχ¯ χ¯2W(χ¯)
[
be − 2− H
′
H2 − 2
(1−Q)
χ¯H
]
×
∫ χ¯
0
dχ˜
χ˜2
∫ χ˜
0
d˜˜χ
(χ˜− ˜˜χ)
˜˜χ
[
`q(`q + 1)T Φ(p, η˜)j`p(pχ˜)T Φ
(
q, ˜˜η
)
j`q
(
q ˜˜χ
)
+ `p(`p + 1)T Φ(q, η˜)j`q(qχ˜)T Φ
(
p, ˜˜η
)
j`p
(
p ˜˜χ
) ]
j`(kχ¯) , (204)
M
∫
Φ2(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = −4δK¯`0δKm¯0(4pi)3ℵ∗` (k)(−1)mi`p+`qG
``p`q
−mmpmq
∫
dχ¯ χ¯W(χ¯)(1−Q)
∫ χ¯
0
dχ˜
× T Φ(p, η˜)T Φ(q, η˜)j`p(pχ˜)j`q(qχ˜)j`(kχ¯) , (205)
M
∫
[Φ′T ](2)
`m`pmp`qmq ¯`m¯
(k; p, q) = 4δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯W(χ¯)(1−Q)
∫ χ¯
0
dχ˜
∫ χ˜
0
d˜˜χ
×
{[
∂
∂η˜
T Φ(p, η˜)
]
j`p(pχ˜)T Φ
(
q, ˜˜η
)
j`q
(
q ˜˜χ
)
+
[
∂
∂η˜
T Φ(q, η˜)
]
j`q(qχ˜)T Φ
(
p, ˜˜η
)
j`p
(
p ˜˜χ
)}
j`(kχ¯) , (206)
M
∫
[∂⊥Φ∂⊥T ](2)
`m`pmp`qmq ¯`m¯
(k; p, q) = −δK¯`0δKm¯0(4pi)3ℵ∗` (k)i`p+`q I
mmpmq
``p`p
∫
dχ¯ χ¯2W(χ¯)(1−Q)
∫ χ¯
0
dχ˜
χ˜2
(
3− 5 χ˜
χ¯
)∫ χ˜
0
d˜˜χ
×
[
T Φ(p, η˜)j`p(pχ˜)T Φ
(
q, ˜˜η
)
j`q
(
q ˜˜χ
)
+ T Φ(q, η˜)j`q(qχ˜)T Φ
(
p, ˜˜η
)
j`p
(
p ˜˜χ
) ]
j`(kχ¯) , (207)
M
∫
[Φ′′T ](2)
`m`pmp`qmq ¯`m¯
(k; p, q) = −2δK¯`0δKm¯0(4pi)3ℵ∗` (k)(−1)mi`p+`qG
``p`q
−mmpmq
∫
dχ¯ χ¯2W(χ¯)
[
be − 2Q− H
′
H2 − 2
(1−Q)
χ¯H
]
×
∫ χ¯
0
dχ˜
∫ χ˜
0
d˜˜χ
{[
∂2
∂η˜2
T Φ(p, η˜)
]
j`p(pχ˜)T Φ
(
q, ˜˜η
)
j`q
(
q ˜˜χ
)
+
[
∂2
∂η˜2
T Φ(q, η˜)
]
j`q(qχ˜)T Φ
(
p, ˜˜η
)
j`p
(
p ˜˜χ
)}
j`(kχ¯) ,
(208)
M
∫
[Φ′Φ](2)
`m`pmp`qmq ¯`m¯
(k; p, q) = 2δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
[
be − 2Q− H
′
H2 − 2
(1−Q)
χ¯H
]
×
∫ χ¯
0
dχ˜
{[
∂
∂η˜
T Φ(p, η˜)
]
T Φ(q, η˜) +
[
∂
∂η˜
T Φ(q, η˜)
]
T Φ(p, η˜)
}
j`p(pχ˜)j`q(qχ˜)j`(kχ¯) , (209)
40
M
∫
[Φ′I](2)
`m`pmp`qmq ¯`m¯
(k; p, q) = −2δK¯`0δKm¯0(4pi)3ℵ∗` (k)(−1)mi`p+`qG
``p`q
−mmpmq
∫
dχ¯ χ¯2W(χ¯)
[
be − 2Q− H
′
H2 − 2
(1−Q)
χ¯H
]
×
∫ χ¯
0
dχ˜
∫ χ˜
0
d˜˜χ
{[
∂
∂η˜
T Φ(p, η˜)
]
j`p(pχ˜)
[
∂
∂ ˜˜η
T Φ (q, ˜˜η)] j`q (q ˜˜χ)+ [ ∂∂η˜T Φ(q, η˜)
]
j`q(qχ˜)
[
∂
∂ ˜˜η
T Φ (p, ˜˜η)] j`p (p ˜˜χ)
}
× j`(kχ¯) , (210)
M
∫
[∂⊥Φ′S⊥](2)
`m`pmp`qmq ¯`m¯
(k; p, q) = 2δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)i`p+`q Immpmq``p`p
∫
dχ¯ χ¯2W(χ¯)
∫ χ¯
0
dχ˜
∫ χ˜
0
d˜˜χ
˜˜χ
×
[
1 + be − 3Q− H
′
H2 − 2
(1−Q)
χ¯H − (1−Q)
χ˜
χ¯
]{[
∂
∂η˜
T Φ(p, η˜)
]
j`p(pχ˜)T Φ
(
q, ˜˜η
)
j`q
(
q ˜˜χ
)
+
[
∂
∂η˜
T Φ(q, η˜)
]
j`q(qχ˜)T Φ
(
p, ˜˜η
)
j`p
(
p ˜˜χ
)}
j`(kχ¯) , (211)
M
∫
[∂⊥Φ′∂⊥T ](2)
`m`pmp`qmq ¯`m¯
(k; p, q) = −2δK¯`0δKm¯0(4pi)3ℵ∗` (k)i`p+`q I
mmpmq
``p`p
∫
dχ¯ χ¯2W(χ¯)
∫ χ¯
0
dχ˜
χ˜
∫ χ˜
0
d˜˜χ
×
[
2 + be − 4Q− H
′
H2 − 2
(1−Q)
χ¯H − 2 (1−Q)
χ˜
χ¯
]{[
∂
∂η˜
T Φ(p, η˜)
]
j`p(pχ˜)T Φ
(
q, ˜˜η
)
j`q
(
q ˜˜χ
)
+
[
∂
∂η˜
T Φ(q, η˜)
]
j`q(qχ˜)T Φ
(
p, ˜˜η
)
j`p
(
p ˜˜χ
)}
j`(kχ¯) , (212)
M
∫
[4ΩΦI](2)
`m`pmp`qmq ¯`m¯
(k; p, q) = −2δK¯`0δKm¯0(4pi)3ℵ∗` (k)(−1)mi`p+`qG
``p`q
−mmpmq
∫
dχ¯ χ¯2W(χ¯)(1−Q)
∫ χ¯
0
dχ˜
χ˜
∫ χ˜
0
d˜˜χ
×
{
`p(`p + 1)T Φ(p, η˜)j`p(pχ˜)
[
∂
∂ ˜˜η
T Φ (q, ˜˜η)] j`q (q ˜˜χ)+ `q(`q + 1)T Φ(q, η˜)j`q(qχ˜) [ ∂
∂ ˜˜η
T Φ (p, ˜˜η)] j`p (p ˜˜χ)
}
× j`(kχ¯) , (213)
M
∫
[∆ΩΦ
∫
˜˜χΦ′](2)
`m`pmp`qmq ¯`m¯
(k; p, q) = 2δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯W(χ¯)(1−Q)
∫ χ¯
0
dχ˜
χ˜
∫ χ˜
0
˜˜χd˜˜χ
×
{
`p(`p + 1)T Φ(p, η˜)j`p(pχ˜)
[
∂
∂ ˜˜η
T Φ (q, ˜˜η)] j`q (q ˜˜χ)+ `q(`q + 1)T Φ(q, η˜)j`q(qχ˜) [ ∂
∂ ˜˜η
T Φ (p, ˜˜η)] j`p (p ˜˜χ)
}
× j`(kχ¯) , (214)
M
∫
[∂⊥Φ∂⊥I](2)
`m`pmp`qmq ¯`m¯
(k; p, q) = 2δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)i`p+`q Immpmq``p`p
∫
dχ¯ χ¯2W(χ¯)(1−Q)
∫ χ¯
0
dχ˜
χ˜
∫ χ˜
0
d˜˜χ
×
{
T Φ(p, η˜)j`p(pχ˜)
[
∂
∂ ˜˜η
T Φ (q, ˜˜η)] j`q (q ˜˜χ)+ T Φ(q, η˜)j`q(qχ˜) [ ∂
∂ ˜˜η
T Φ (p, ˜˜η)] j`p (p ˜˜χ)
}
j`(kχ¯) , (215)
M
∫
[∂⊥Φ∂˜⊥
∫
˜˜χΦ′](2)
`m`pmp`qmq ¯`m¯
(k; p, q) = −2δK¯`0δKm¯0(4pi)3ℵ∗` (k)i`p+`q I
mmpmq
``p`p
∫
dχ¯ χ¯W(χ¯)(1−Q)
∫ χ¯
0
dχ˜
χ˜
∫ χ˜
0
˜˜χd˜˜χ
×
{
T Φ(p, η˜)j`p(pχ˜)
[
∂
∂ ˜˜η
T Φ (q, ˜˜η)] j`q (q ˜˜χ)+ T Φ(q, η˜)j`q(qχ˜) [ ∂
∂ ˜˜η
T Φ (p, ˜˜η)] j`p (p ˜˜χ)
}
j`(kχ¯) , (216)
M
∫
[∂⊥Φ∂⊥Φ](2)
`m`pmp`qmq ¯`m¯
(k; p, q) = 4δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)i`p+`q Immpmq``p`p
∫
dχ¯ χ¯W(χ¯)(1−Q)
∫ χ¯
0
dχ˜
χ˜
(χ¯− χ˜)
× T Φ(p, η˜)T Φ(q, η˜)j`p(pχ˜)j`q(qχ˜)j`(kχ¯) , (217)
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M
∫
[Φ∆ΩΦ](2)
`m`pmp`qmq ¯`m¯
(k; p, q) = −2δK¯`0δKm¯0(4pi)3ℵ∗` (k)(−1)mi`p+`q [`q(`q + 1) + `p(`p + 1)]G
``p`q
−mmpmq
×
∫
dχ¯ χ¯W(χ¯) (1−Q)
∫ χ¯
0
dχ˜
χ˜
(χ¯− χ˜) T Φ(p, η˜)T Φ(q, η˜)j`p(pχ˜)j`q(qχ˜)j`(kχ¯) , (218)
M
∫
[4ΩΦT ](2)
`m`pmp`qmq ¯`m¯
(k; p, q) = 2δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯W(χ¯)(1−Q)
∫ χ¯
0
dχ˜
χ˜
(χ¯− χ˜)
∫ χ˜
0
d˜˜χ
× [`p(`p + 1)T Φ(p, η˜)j`p(pχ˜)T Φ (q, ˜˜η) j`q (q ˜˜χ)+ `q(`q + 1)T Φ(q, η˜)j`q(qχ˜)T Φ (p, ˜˜η) j`p (p ˜˜χ)] j`(kχ¯) , (219)
M
∫
[∂⊥ΦS⊥](2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)i`p+`q Immpmq``p`p
∫
dχ¯ χ¯W(χ¯) (1−Q)
∫ χ¯
0
dχ˜
χ˜
(χ¯− χ˜)
∫ χ˜
0
d˜˜χ
˜˜χ
× [T Φ(p, η˜)j`p(pχ˜)T Φ (q, ˜˜η) j`q (q ˜˜χ)+ T Φ(q, η˜)j`q(qχ˜)T Φ (p, ˜˜η) j`p (p ˜˜χ)] j`(kχ¯) , (220)
M
∫
[∂⊥∇˜2⊥ΦS⊥](2)
`m`pmp`qmq ¯`m¯
(k; p, q) = −2δK¯`0δKm¯0(4pi)3ℵ∗` (k)i`p+`q I
mmpmq
``p`p
∫
dχ¯ χ¯W(χ¯) (1−Q)
∫ χ¯
0
dχ˜
χ˜
(χ¯− χ˜)
∫ χ˜
0
d˜˜χ
˜˜χ
× [`p(`p + 1)T Φ(p, η˜)j`p(pχ˜)T Φ (q, ˜˜η) j`q (q ˜˜χ)+ `q(`q + 1)T Φ(q, η˜)j`q(qχ˜)T Φ (p, ˜˜η) j`p (p ˜˜χ)] j`(kχ¯) , (221)
M
∫
[∂⊥∇˜2⊥Φ∂⊥T ](2)
`m`pmp`qmq ¯`m¯
(k; p, q) = 2δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)i`p+`q Immpmq``p`p
∫
dχ¯ χ¯W(χ¯) (1−Q)
∫ χ¯
0
dχ˜
χ˜2
(χ¯− χ˜)
∫ χ˜
0
d˜˜χ
× [`p(`p + 1)T Φ(p, η˜)j`p(pχ˜)T Φ (q, ˜˜η) j`q (q ˜˜χ)+ `q(`q + 1)T Φ(q, η˜)j`q(qχ˜)T Φ (p, ˜˜η) j`p (p ˜˜χ)] j`(kχ¯) , (222)
M
∫
[4ΩΦ κ](2)
`m`pmp`qmq ¯`m¯
(k; p, q) = −2δK¯`0δKm¯0(4pi)3ℵ∗` (k)(−1)mi`p+`q`p(`p + 1)`q(`q + 1)G
``p`q
−mmpmq
∫
dχ¯ χ¯W(χ¯) (1−Q)
×
∫ χ¯
0
dχ˜
χ˜2
(χ¯− χ˜)
∫ χ˜
0
d˜˜χ
˜˜χ
(χ˜− ˜˜χ)
[
T Φ(p, η˜)j`p(pχ˜)T Φ
(
q, ˜˜η
)
j`q
(
q ˜˜χ
)
+ T Φ(q, η˜)j`q(qχ˜)T Φ
(
p, ˜˜η
)
j`p
(
p ˜˜χ
) ]
j`(kχ¯) ,
(223)
M
∫
[Φ′∂⊥S⊥](2)
`m`pmp`qmq ¯`m¯
(k; p, q) = −2δK¯`0δKm¯0(4pi)3ℵ∗` (k)(−1)mi`p+`qG
``p`q
−mmpmq
∫
dχ¯ χ¯W(χ¯) (1−Q)
∫ χ¯
0
dχ˜ (χ¯− χ˜)
∫ χ˜
0
d˜˜χ
˜˜χ
×
{
`q(`q + 1)
[
∂
∂η˜
T Φ(p, η˜)
]
j`p(pχ˜)T Φ
(
q, ˜˜η
)
j`q
(
q ˜˜χ
)
+ `p(`p + 1)
[
∂
∂η˜
T Φ(q, η˜)
]
j`q(qχ˜)T Φ
(
p, ˜˜η
)
j`p
(
p ˜˜χ
)}
j`(kχ¯),
(224)
M
∫
[Φ′4ΩT ](2)
`m`pmp`qmq ¯`m¯
(k; p, q) = 2δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯W(χ¯) (1−Q)
∫ χ¯
0
dχ˜
χ˜
(χ¯− χ˜)
∫ χ˜
0
d˜˜χ
×
{
`q(`q + 1)
[
∂
∂η˜
T Φ(p, η˜)
]
j`p(pχ˜)T Φ
(
q, ˜˜η
)
j`q
(
q ˜˜χ
)
+ `p(`p + 1)
[
∂
∂η˜
T Φ(q, η˜)
]
j`q(qχ˜)T Φ
(
p, ˜˜η
)
j`p
(
p ˜˜χ
)}
j`(kχ¯),
(225)
M
∫
[Φ4ΩT ](2)
`m`pmp`qmq ¯`m¯
(k; p, q) = 2δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)(−1)mi`p+`qG``p`q−mmpmq
∫
dχ¯ χ¯W(χ¯) (1−Q)
∫ χ¯
0
dχ˜
χ˜2
(χ¯− χ˜)
∫ χ˜
0
d˜˜χ
×
[
`q(`q + 1)T Φ(p, η˜)j`p(pχ˜)T Φ
(
q, ˜˜η
)
j`q
(
q ˜˜χ
)
+ `p(`p + 1)T Φ(q, η˜)j`q(qχ˜)T Φ
(
p, ˜˜η
)
j`p
(
p ˜˜χ
) ]
j`(kχ¯) . (226)
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H. Terms from ∆
(2)
g int−5 [see Eq. (53)]
We immediately see that ∆
(2)
g int−5 contains all symmetric trace-free terms with orthogonal partial derivatives. In
order to compute correctly all these relations, it is useful to rewrite ∂¯i⊥∂¯
j
⊥ with covariant derivates
(2)∇i and, then,
the usual spin-raising and spin-lowering operators (for more details, see Appendix C). In particular, we have
∂¯⊥(i∂¯⊥j)Φ =
1
χ¯2
(
−nˆ(i(2)∇j)Φ + (2)∇(i(2)∇j)Φ
)
, (227)
where
mi±m
j
±∂¯⊥(i∂¯⊥j)Φ =
1
χ¯2
mi±m
j
±
(2)∇(i(2)∇j)Φ (228)
and using Pij = 2m+(im−j), we find
(2)∇(i(2)∇j)Φ− 1
2
Pij(2)∇2Φ = 2Φ m+im+j + −2Φ m−im−j , (229)
where
2Φ = m
i
−m
j
−
(2)∇i(2)∇jΦ = 1
2
ð2Φ and −2Φ = mi+m
j
+
(2)∇i(2)∇jΦ = 1
2
ð¯2Φ . (230)
Using
1Φ = m
i
−
(2)∇iΦ = −
√
1
2
ðΦ and −1Φ = mi+(2)∇iΦ = −
√
1
2
ð¯Φ , (231)
then
∂¯⊥(i∂¯⊥j)Φ− 1
2
Pij∇2⊥Φ =
1
χ¯2
[√
1
2
nˆ(i
(
m+j)ðΦ +m−j)ð¯Φ
)
+
1
2
(
ð2Φ m+im+j + ð¯2Φ m−im−j
)]
. (232)
Now taking into account Eq. (134) and
ð2Y`m(nˆ) =
√
(`+ 2)!
(`− 2)! 2Y`m(nˆ) and ð¯
2Y`m(nˆ) =
√
(`+ 2)!
(`− 2)! −2Y`m(nˆ) , (233)
Eq. (229) turns out
2Φm+im+j+−2Φm−im−j =
∑
`m
(2pi)i`
√
(`+ 2)!
(`− 2)!
(
2Y`m(nˆ)m+im+j+−2Y`m(nˆ)m−im−j
)∫
d3k
(2pi)3
j`(kχ¯)Y
∗
`m(kˆ)Φ(k) .
(234)
Using these results we can focus on the following terms: (i)
∆γ
2(2) = −2 (1−Q) ∣∣γ(1)∣∣2 = − (1−Q) γ(1)ij γij(1) (235)
and, (ii) a shear term related to post-Born term perturbations
∆γPost−Born(2) = 8 (1−Q)
∫ χ¯
0
dχ˜(χ¯−χ˜) χ˜
χ¯
(
∂˜⊥(j ∂˜⊥m)Φ− 1
2
Pjm∇˜2⊥Φ
)
×
[(
∂˜
(j
⊥ ∂˜
m)
⊥ −
1
2
Pjm∇˜2⊥
)∫ χ˜
0
d˜˜χ(χ˜− ˜˜χ) χ˜
˜˜χ
Φ
]
.
(236)
For (i) and using Eqs. (25) and (232) we find
γ
(1)
ij = 2
∫ χ¯
0
dχ˜
(χ¯− χ˜)
χ¯χ˜
[√
1
2
nˆ(i
(
m+j)ðΦ +m−j)ð¯Φ
)
+
1
2
(
ð2Φ m+im+j + ð¯2Φ m−im−j
)]
= −2n(i
[∫ χ¯
0
dχ˜
(χ¯− χ˜)
χ¯χ˜
(
m+j) 1Φ +m−j) −1Φ
)]
+
(
2γ
(1) m+im+j + −2γ(1) m−im−j
)
= 2n(i
(
m+j) 1γ
(1) +m−j) −1γ(1)
)
+
(
2γ
(1) m+im+j + −2γ(1) m−im−j
)
, (237)
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where
1γ
(1) = −
∫ χ¯
0
dχ˜
[
(χ¯− χ˜)
χ¯χ˜
1Φ
]
=
√
1
2
∫ χ¯
0
dχ˜
[
(χ¯− χ˜)
χ¯χ˜
ðΦ
]
=
∑
`m
(4pi)i`
√
`(`+ 1)
2
1Y`m(nˆ)
∫
d3k
(2pi)3
Y ∗`m(kˆ)Φp(k)
∫ χ¯
0
dχ˜
(χ¯− χ˜)
χ¯χ˜
j`(kχ˜)T Φ(k, η˜) , (238)
−1γ(1) = −
∫ χ¯
0
dχ˜
[
(χ¯− χ˜)
χ¯χ˜
−1Φ
]
=
√
1
2
∫ χ¯
0
dχ˜
[
(χ¯− χ˜)
χ¯χ˜
ð¯Φ
]
= −
∑
`m
(4pi)i`
√
`(`+ 1)
2
−1Y`m(nˆ)
∫
d3k
(2pi)3
Y ∗`m(kˆ)Φp(k)
∫ χ¯
0
dχ˜
(χ¯− χ˜)
χ¯χ˜
j`(kχ˜)T Φ(k, η˜) , (239)
2γ
(1) = mi−m
j
−γ
(1)
ij = 2
∫ χ¯
0
dχ˜
[
(χ¯− χ˜)
χ¯χ˜
2Φ
]
=
∫ χ¯
0
dχ˜
[
(χ¯− χ˜)
χ¯χ˜
ð2Φ
]
=
∑
`m
(4pi)i`
√
(`+ 2)!
(`− 2)! 2Y`m(nˆ)
∫
d3k
(2pi)3
Y ∗`m(kˆ)Φp(k)
∫ χ¯
0
dχ˜
(χ¯− χ˜)
χ¯χ˜
j`(kχ˜)T Φ(k, η˜) , (240)
−2γ(1) = mi+m
j
+γ
(1)
ij = 2
∫ χ¯
0
dχ˜
[
(χ¯− χ˜)
χ¯χ˜
2Φ
]
=
∫ χ¯
0
dχ˜
[
(χ¯− χ˜)
χ¯χ˜
ð¯2Φ
]
=
∑
`m
(4pi)i`
√
(`+ 2)!
(`− 2)! −2Y`m(nˆ)
∫
d3k
(2pi)3
Y ∗`m(kˆ)Φp(k)
∫ χ¯
0
dχ˜
(χ¯− χ˜)
χ¯χ˜
j`(kχ˜)T Φ(k, η˜) , (241)
and
1
2
∆γ
2(2) = − (1−Q)
[
1γ
(1)−1γ(1) + −1γ(1)1γ(1)
]
− (1−Q)
2
[
2γ
(1)−2γ(1) + −2γ(1)2γ(1)
]
. (242)
Therefore Eq. (242) reads
1
2
∆γ
2(2)(x) =
∫
d3p
(2pi)3
d3q
(2pi)3
{
(1−Q)
∑
`pmp`qmq
(4pi)2 i`p+`q
√
`p(`p + 1)`q(`q + 1)
2
× [1Y`pmp(nˆ) −1Y`qmq(nˆ) + −1Y`pmp(nˆ) +1Y`qmq(nˆ)] ∫ χ¯
0
dχp
∫ χ¯
0
dχq
(χ¯− χp)
χ¯χp
(χ¯− χq)
χ¯χq
T Φ(p, ηp)T Φ(q, ηq)
× j`p(pχp) j`q(qχq)
}
Y ∗`pmp(pˆ)Y
∗
`qmq(qˆ)Φp(p)Φp(q)
+
∫
d3p
(2pi)3
d3q
(2pi)3
{
− (1−Q)
2
∑
`pmp`qmq
(4pi)2 i`p+`q
√
(`p + 2)!
(`p − 2)!
√
(`q + 2)!
(`q − 2)!
× [2Y`pmp(nˆ) −2Y`qmq(nˆ) + −2Y`pmp(nˆ) +2Y`qmq(nˆ)] ∫ χ¯
0
dχp
∫ χ¯
0
dχq
(χ¯− χp)
χ¯χp
(χ¯− χq)
χ¯χq
T Φ(p, ηp)T Φ(q, ηq)
× j`p(pχp) j`q(qχq)
}
Y ∗`pmp(pˆ)Y
∗
`qmq(qˆ)Φp(p)Φp(q) . (243)
Using Eqs. (136) and (137) we have
[
2Y`pmp(nˆ) −2Y`qmq(nˆ) + −2Y`pmp(nˆ) +2Y`qmq(nˆ)
]
=
∑
˜`m˜
(−1)m˜ Y˜`−m˜(nˆ)
(
I−220
`p`q ˜`
+ I2−20
`p`q ˜`
)(
`p `q ˜`
mp mq m˜
)
. (244)
Noting that
I−220
`p`q ¯`
+ I2−20
`p`q ˜`
=
[
1 + (−1)`p+`q+˜`]I2−20
`p`q ˜`
=

2 I2−20
`p`q ˜`
`p + `q + ˜` even
0 `p + `q + ˜` odd ,
44
and taking into account Eq. (171), we can easily project ∆γ
2(2)(x) on |k`m〉 space. Indeed
1
2
∆
γ2(2)
`m (k) =
∑
`pmp`qmq
∫
d3p
(2pi)3
d3q
(2pi)3
{
(4pi)2ℵ∗` (k) i`p+`q
[
I
mmpmq
``p`q
+ (−1)mG``p`q−mmpmq
(
`p `q `
2 −2 0
)
×
(
`p `q `
0 0 0
)−1√
(`p + 2)!
(`p − 2)!
√
(`q + 2)!
(`q − 2)!
]∫
dχ¯ W(χ¯) [− (1−Q)]
∫ χ¯
0
dχp
χp
∫ χ¯
0
dχq
χq
(χ¯− χp) (χ¯− χq)
× T Φ(p, ηp)T Φ(q, ηq) j`p(pχp) j`q(qχq) j`(kχ¯)
}
Y ∗`pmp(pˆ)Y
∗
`qmq(qˆ)Φp(p)Φp(q) . (245)
and, finally, we find
Mγ2(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k) i`p+`q
[
I
mmpmq
``p`q
+ (−1)mG``p`q−mmpmq
(
`p `q `
2 −2 0
)(
`p `q `
0 0 0
)−1
×
√
(`p + 2)!
(`p − 2)!
√
(`q + 2)!
(`q − 2)!
]∫
dχ¯ W(χ¯) [− (1−Q)]
∫ χ¯
0
dχp
χp
∫ χ¯
0
dχq
χq
(χ¯− χp) (χ¯− χq)
× T Φ(p, ηp)T Φ(q, ηq) j`p(pχp) j`q(qχq) j`(kχ¯) . (246)
Here we can immediately see that the first additive term within square brackets cancels Eq.(181).
For case (ii), using the relations written above we can quickly obtain
∆γPost−Born(2) = 8 (1−Q)
∫ χ¯
0
dχ˜
(χ¯− χ˜)
χ¯χ˜
[√
1
2
nˆ(i
(
m+j)ðΦ +m−j)ð¯Φ
)
+
1
2
(
ð2Φ m+im+j + ð¯2Φ m−im−j
)]
×
∫ χ˜
0
d˜˜χ
(χ˜− ˜˜χ)
χ˜ ˜˜χ
[√
1
2
nˆ(i
(
m
j)
+ ðΦ +m
j)
− ð¯Φ
)
+
1
2
(
ð2Φ mi+m
j
+ + ð¯2Φ mi−m
j
−
)]
. (247)
Projecting this relation on |k`m〉 space, it turns out
1
2
∆γPost−Born`m (k) =
∑
`pmp`qmq
∫
d3p
(2pi)3
d3q
(2pi)3
{
(4pi)2ℵ∗` (k)i`p+`q
[
I
mmpmq
``p`q
+ (−1)mG``p`q−mmpmq
(
`p `q `
2 −2 0
)
×
(
`p `q `
0 0 0
)−1√
(`p + 2)!
(`p − 2)!
√
(`q + 2)!
(`q − 2)!
]∫
dχ¯ χ¯W(χ¯)(1−Q)
∫ χ¯
0
dχ˜
χ˜2
(χ¯− χ˜)
∫ χ˜
0
d˜˜χ
˜˜χ
(χ˜− ˜˜χ)
× [T Φ(p, η˜)j`p(pχ˜)T Φ (q, ˜˜η) j`q (q ˜˜χ)+ T Φ(q, η˜)j`q(qχ¯)T Φ (p, ˜˜η) j`p (p ˜˜χ)] j`(kχ¯)
}
× Y ∗`pmp(pˆ)Y ∗`qmq(qˆ)Φp(p)Φp(q) (248)
and hence
MγPost−Born(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = δK¯`0δ
K
m¯0(4pi)
3ℵ∗` (k)i`p+`q
[
I
mmpmq
``p`q
+ (−1)mG``p`q−mmpmq
(
`p `q `
2 −2 0
)
×
(
`p `q `
0 0 0
)−1√
(`p + 2)!
(`p − 2)!
√
(`q + 2)!
(`q − 2)!
]∫
dχ¯ χ¯W(χ¯)(1−Q)
∫ χ¯
0
dχ˜
χ˜2
(χ¯− χ˜)
∫ χ˜
0
d˜˜χ
˜˜χ
(χ˜− ˜˜χ)
× [T Φ(p, η˜)j`p(pχ˜)T Φ (q, ˜˜η) j`q (q ˜˜χ)+ T Φ(q, η˜)j`q(qχ¯)T Φ (p, ˜˜η) j`p (p ˜˜χ)] j`(kχ¯) . (249)
VII. BIAS
To correctly incorporate galaxy bias in the expression for the overdensity (which appears e.g., in Eqs. (30), (31),
(39), (42) etc., we treat the galaxy bias up to second order using the comoving-synchronous (CS) gauge. We argue
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that the CS gauge is entirely appropriate to describe the matter overdensity at second order (for details, see [63]). The
bias should be defined in the rest frame of CDM, which is assumed to coincide with the rest frame of galaxies on large
scales and can be computed using the peak-background split approach [126]. In CS gauge, the spherical collapse model
has an exact GR interpretation [70, 98, 127, 128]. Indeed, only in this frame we can resort to the peak-background
split [124, 125] approach, in which, in the Press-Schecter-inspired prescription [126], halos of a given mass, M, collapse
when the linearly growing local density contrast (smoothed on the corresponding mass scale) reaches a critical value.
This is important for a self-consistent calculation of the so-called non-Gaussian halo bias and for precision parameter
estimates, introduced by nonlinear projection effects.
In ΛCDM, the CDM rest frame is defined up to second order in the CS gauge–in which the galaxy and matter
overdensities are gauge invariant. The CS gauge is defined by gCS00 = −1, gCS0i = 0 and viCS = 0. At second order,
ds2 = a(η)2
[
−dη2 +
(
δij + h
CS
ij
(1)
+
1
2
hCSij
(2)
)
dxidxj
]
, (250)
where hCSij
(n)
= −2ψ(n)CS δij + (∂i∂j − δij∇2/3)χ(n)CS + ∂iχCSj
(n)
+ ∂jχ
CS
i + χ
CS
ij
(n)
, ∂iχ
i(n)
CS = ∂iχ
ij(n)
CS = 0 (where, for
simplicity, we have removed the purely transverse space-dependent constant C⊥i in g0i; see [129]).
Before proceeding into the main part of this section, some comments are in order.
(i) The primordial non-Gaussianity (NG) has to be considered in all second-order contributions. NG is set at
primordial inflationary epochs on large scales. At later times cosmological perturbations reenter the Hubble radius
during the radiation or during the matter epoch. Beyond linear order, integrated (or projection) effects couple
large and small scales. Thus the NG large-scale information leaks into smaller scales. Therefore a complete general
relativistic computation is required to evaluate all the observable imprint of PNG in the LSS.
(ii) The long-mode curvature perturbation modulates the matter overdensity, with an effective fGRNL = −5/3 [64],
but this effect cancels out in the halo overdensity, when perturbations are evaluated at a fixed local scale x˜, rather
than fixed global scale x. More in detail, the small-scale density at a fixed local physical scale is independent of
the long-wavelength perturbation. Thus the long-wavelength mode has no effect on the small-scale variance of the
density field smoothed on a fixed mass scale. In other words, the long-wavelength perturbations are not observable
locally if the distribution of the primordial metric perturbation8 ζ is a Gaussian random field and we conclude that,
within δ
(2)
mCS, f
GR
NL = −5/3 is, in the strictly squeezed limit, reabsorbed via a local coordinate transformation (see
[64, 130, 131] and Appendix E 2 a).
Taking into account the above discussion, we define the scale-independent bias in a completely general way at first
and second order (considering scales down to the mildly nonlinear regime) as [56, 59, 60, 62, 65, 66]
δ
(1)
gCS +
1
2
δ
(2)
gCS = b10δ
(1)
mCS + b∇2δ∇2δ(1)mCS + b01ζ +
1
2
b10δ
(2)
mCS +
1
2
b∇2δ∇2δ(2)mCS +
1
2
b20
(
δ
(1)
mCS
)2
+ b11ζδ
(1)
mCS +
1
2
b02ζ
2
+
1
2
bs2s
2 +
1
2
b(∇2δ)2
(
∇2δ(1)mCS
)2
+ bδ∇2δδ
(1)
mCS∇2δ(1)mCS + b(∂δ)2δKij
(
∂iδ
(1)
mCS
)(
∂jδ
(1)
mCS
)
, (251)
where9 b10, b∇2δ, b01, b11, b20, b20, bs2 , b(∇2δ)2 , bδ∇2δ, b(∂δ)2 depend on the conformal time10, ζ is the comoving curvature
8 Here the comoving curvature perturbation ζ has the same definition and notation as in e.g. Refs.[58, 100, 131]. Finally ζ here is −ζ in
[121], and ζ = −Rc defined in [99].
9 Let us note that if the single-field consistency conditions hold, then for example we have b01 = 0.
10 Rigorously b10, b∇2δ, b01, b11, b20, b20, bs2 , b(∇2δ)2 , bδ∇2δ, b(∂δ)2 should be also functions of space and time. Then, in Fourier space,
δgCS(k) should be written in the following way:
δ
(1)
gCS(k η) = b10(k η)δ
(1)
mCS(k η)− b∇2δ(k η)k2δ
(1)
mCS(k η) + b01(k η)ζ(k) , (252)
δ
(2)
gCS(k η) =
∫
d3p
(2pi)3
d3q
(2pi)3
(2pi)3δD (p+ q− k)
[
b10(p,q, k; η)δ
(2)
mCS(p,q, k; η)− b∇2δ(p,q, k; η)k2δ
(2)
mCS(p,q, k; η)
+b20(p,q, k; η)δ
(1)
mCS(p; η)δ
(1)
mCS(q; η) + b11(p,q, k; η)
(
ζ(p)δ
(1)
mCS(q; η) + ζ(q)δ
(1)
mCS(p; η)
)
+ b02(p,q, k; η)ζ(p)ζ(q)
+bs2 (p,q, k; η)s(p; η)s(q; η) + b(∇2δ)2 (p,q, k; η)p
2q2δ
(1)
mCS(p; η)δ
(1)
mCS(q; η)− bδ∇2δ(p,q, k; η)(p2 + q2)δ
(1)
mCS(p; η)δ
(1)
mCS(q; η)
−2b(∂δ)2 (p,q, k; η)(p · q)δ(1)mCS(p; η)δ
(1)
mCS(q; η)
]
. (253)
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perturbation and
s2 = sijs
ij , with sij =
(
∂i∂j
∇2 −
δKij
3
)
δ
(1)
mCS . (254)
Let us point out that δ
(2)
gCS depends also on primordial non-Gaussianity (see Appendix E 2 a for an analysis at k ≤ keq
where the primordial fNL is written explicitly).
Now we need to connect δgCS in Eq. (251) with δg defined above in the Poisson gauge. From [46, 47, 50] we know
that
δg = δgCS − beHv + 3Hv, (255)
δ(2)g = δ
(2)
gCS − beHv(2) + 3Hv(2) +
(
beH′ − 3H′ +Hb′e + b2eH2 − 6beH2 + 9H2
)
v2 +Hbevv′ − 3Hvv′
−2HbevδgCS + 6HvδgCS − 2vδgCS′ − 1
2
∂iχ (−beH∂iv + 3H∂iv + 2∂iδgCS)− (be − 3)H∇−2
(
v∇2v′ − v′∇2v
−6∂iΦ∂iv − 6Φ∇2v + 1
2
∂iχ
(1)∂i∇2v + 1
2
∂iv∂
i∇2χ(1) + ∂i∂jχ(1)∂i∂jv
)
. (256)
Note the useful relation11 v = χ(1)
′
/2. In particular, Eq.(256) can be expressed as follows
δ(2)g = δ
(2)
gCS − ∂iχ(1)∂iδgCS − (be − 3)Hv(2) +
[
(be − 3)H′ +Hb′e + (be − 3)2H2
]
v2 + (be − 3)Hvv′ − 2vδgCS′
−2H(be − 3)vδgCS − (be − 3)H∇−2
(
v∇2v′ − v′∇2v − 6∂iΦ∂iv − 6Φ∇2v
)
, (257)
where we used the relation ∇2(∂iχ(1)∂iv) = ∂iχ(1)∂i∇2v + ∂iv∂i∇2χ(1) + 2∂i∂jχ(1)∂i∂jv. Bearing in mind Eq.(251),
Eqs.(255) and (257) become
δg = b10δ
(1)
mCS + b∇2δ∇2δ(1)mCS + b01ζ − (be − 3)Hv, (258)
δ(2)g = b10δ
(2)
mCS + b∇2δ∇2δ(2)mCS + b20
(
δ
(1)
mCS
)2
− b10∂iχ(1)∂iδ(1)mCS − b∇2δ∂iχ(1)∇2∂iδ(1)mCS + bs2s2 + b(∇2δ)2
(
∇2δ(1)mCS
)2
+2bδ∇2δδ
(1)
mCS∇2δ(1)mCS + 2b(∂δ)2∂iδ(1)mCS ∂iδ(1)mCS − (be − 3)Hv(2) − 2 [b′10 +H(be − 3)b10] vδ(1)mCS
−2 [b′∇2δ +H(be − 3)b∇2δ] v∇2δ(1)mCS + 2b11ζδ(1)mCS − b01∂iχ(1)∂iζ − 2 [b′01 +H(be − 3)b01] vζ
−2b10v δ(1)mCS
′ − 2b∇2δv∇2δ(1)mCS
′
+ b02ζ
2 + (be − 3)Hvv′ +
[
(be − 3)H′ +Hb′e + (be − 3)2H2
]
v2
− (be − 3)H∇−2
(
v∇2v′ − v′∇2v − 6∂iΦ∂iv − 6Φ∇2v
)
.
(259)
Now, using this definition for the bias in Eqs. (251) and (255), the transfer function T δg , defined in Eq. (82), can be
explicitly written as
T δg (k, η) = b10(η, L¯)T δSC(k, η)− b∇2δ(η, L¯)k2T δSC(k, η) + b01(η, L¯)T ζ(k, η)−
(
be(η, L¯)− 3
)HT v(k, η) . (260)
Finally we can also rewrite the magnification bias, which first appeared in Sec. III, as
Q(1)(x¯α, L¯) = − ∂δg
∂ ln L¯
= −∂δgCS
∂ ln L¯
+H ∂be
∂ ln L¯
v = −∂b10(x¯
0, L¯)
∂ ln L¯
δ
(1)
mCS−
∂b∇2δ(x¯0, L¯)
∂ ln L¯
∇2δ(1)mCS−
∂b01(x¯
0, L¯)
∂ ln L¯
ζ+H ∂be
∂ ln L¯
v ,
(261)
and, consequently, T Q(1) , in Eq. (128), turns out to be
T Q(1)(k, η, L¯) = −∂b10(η, L¯)
∂ ln L¯
T δSC(k, η) + ∂b∇2δ(η, L¯)
∂ ln L¯
k2T δSC(k, η)− ∂b01(η, L¯)
∂ ln L¯
T ζ(k, η) +H∂be(η, L¯)
∂ ln L¯
T v(k, η) .
(262)
Appendix E is devoted to write explicitly all the transfer functions T b(k, η) and the kernels F b(2)¯` (p, q; η) for the
(spatially flat) ΛCDM model (all these results can be quickly generalized for CDM+dynamical dark energy models).
11 For simplicity we have defined χ(1) = χ
(1)
CS.
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VIII. CONCLUSIONS
In this paper we presented, for the first time, the full expression of the galaxy three-point function (the bispectrum)
including all relativistic local and integrated terms at second order in the perturbations, in the wide-angle geometry
(we never rely on the Limber and flat-sky approximations) and including the non-Gaussianity parameter fNL. We
also include the galaxy bias up to second order, including a tidal term and add all magnification corrections. We
believe that the calculations and expressions presented here, despite being cumbersome and appearing tedious and
complicated, are a valuable and timely contribution. Future and forthcoming galaxy surveys will map the sky on
ultralarge scales with unprecedented precision bringing LSS in regime where the simple Newtonian approximation is
not longer sufficient. The next-to-leading-order correlation (such as the bispectrum) despite being a lower signal-to-
noise quantity than the power spectrum, encloses key complementary physical and cosmological information, which
should not be neglected if we are maximizing the scientific return from this observational effort. Given that the
bispectrum on large scales will be measured, the correct interpretation of the measurement relies on accurate and
precise theoretical modeling of the signal. It is for this reason that we believe it is of fundamental importance at this
point to have the full expression of the galaxy bispectrum, and we embarked in this challenging and time consuming
task, despite its apparent complexity.
Working in spherical Bessel coordinates, we derived a compact expression for the bispectrum that encompasses
all the physical contributions at first and second order, in curved sky and including integrated terms for radial
configurations. We found that we can write the full GR bispectrum as
〈∆g(k1)∆g(k2)∆g(k3)〉 =
3∑
`imi=1
U`1`2`3(k1, k2, k3)× TSH`i,mi ×B`1`2`3(k1, k2, k3) ,
after resumming over {`1m1, `2m2, `3m3}, U is a scale-dependent angular function and TSH`i,mi are tripolar spherical
harmonics; see Eq. (80).
In this case, the bispectrum in Fourier angular space is written as
B`1`2`3(k1, k2, k3) =
∑
abc
Cj`
∫
q22dq2
(2pi)3
q23dq3
(2pi)3
[
Ka(2)
`1`p1`q1
¯`
1
(k1; q2, q3)Mb(1)`2 (k2, q2)M
c(1)
`3
(k3, q3)
]
PΦ(q2)PΦ(q3) + cyc ,
where Cj` is a combination of multipoles and 3j- and 6j-Wigner symbols, PΦ denotes the primordial (linear, Gaussian)
power spectrum of the Bardeen gravitational potential and Ka(2)
`1`p1`q1
¯`
1
(k1; q2, q3) ∝Ma(2)`1m1`p1mp1`q1mq1 ¯`1m¯1(k1; q2, q3)
and Mι(1)`ι (kι, qι) [see Eq.(81)] are spherical multipole functions at second and first-order, respectively, containing all
the physical effects. For the explicit expressions of all the terms, a concise summary can be found in Sec. II and
the details in the rest of the text. In particular, Ma(2)
`1m1`p1mp1`q1mq1
¯`
1m¯1
(k1; q2, q3) are in Eqs. (89-94), (100-128),
(143-145), (152-165), (176-182), (184-185), (188), (201-226), (246), (249), (F6-F11), (F13-F14) and (F16).
It is evident that the expressions provided here will likely be impractical for most realistic applications or data
analyses. Hence approximations will have to be made. The results presented here provide the starting point to devise
suitable approximations and a reference and benchmark to assess the validity, accuracy, performance, advantages and
disadvantages of any such approximation. For example for numerical and computational reasons, real data analyses
should involve an optimal choice of which terms to include. We envision that the results presented here will be
a reference for assessing which physical effects are most important and which one are ultimately negligible. The
choice will depend on specific survey characteristics, on the physics to test, models considered or question at hand.
Significant work remains to be done in evaluating the relative importance of the (many) different terms and physical
contributions to the overall signal in different regimes. While preliminary investigation suggest that this is a viable
program, we leave this effort to future work.
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Appendix A: Useful relations in the Poisson gauge
Here we report the expressions for the metric and the four-velocities in Poisson gauge [70, 122] used in sec. III.
From Eq. (9) the perturbation of the FRW metric metric gµν and g
µν is
g00 = −a2
(
1 + 2Φ + Φ(2)
)
, g00 = −a−2 [1− 2Φ− Φ(2) + 4Φ2] ,
g0i = a
2ω
(2)
i , g
0i = a−2ωi(2),
gij = a
2
(
δij − 2δijΦ− δijΨ(2) + hˆ(2)ij /2
)
, gij = a−2
[
δij + 2δijΦ + δijΨ(2) − hˆij(2)/2 + 4δij(Φ)2
]
,
(A1)
For the four-velocity uµ, we have
u0 = −a
[
1 + Φ +
1
2
Φ(2) − 1
2
Φ2 +
1
2
vkv
k
]
, (A2)
ui = a
[
vi +
1
2
(
v
(2)
i + 2ω
(2)
i
)
− 2Φvi
]
, (A3)
u0 =
1
a
[
1− Φ− 1
2
Φ(2) +
3
2
Φ2 +
1
2
vkv
k
]
, (A4)
ui =
1
a
(
vi +
1
2
vi(2)
)
. (A5)
Given Tµνm = ρmu
µuν , i.e. the cold dark matter stress-energy tensor, for first- and second-order perturbations we
obtain
δm
′ + ∂ivi − 3Φ′ = 0 ,
vi′ +Hvi + ∂iΦ = 0 ,
1
2
δ(2)m
′ +
1
2
∂iv
i(2) − 3
2
Ψ(2)′ +
1
4
hˆ
i(2)
i
′ −Hvivi + (Φ + δm) ∂ivi + vi∂iδm − 3δmΦ′ − 3vj∂jΦ− 6ΦΦ′ = 0 ,(
1
2
vi(2) + ωi(2)
)
′ +H
(
1
2
vi(2) + ωi(2)
)
+
1
2
∂iΦ(2) + vj∂jv
i − 2viΦ′ + Φ∂iΦ = 0 . (A6)
Appendix B: Spherical Fourier Decomposition: |k`m〉 frame
Let us start with the plane-wave representation
〈x|k〉 = eixk =
∑
`m
(4pi)i`j`(kχ)Y
∗
`m(kˆ)Y`m(nˆ) (B1)
where x = χ¯nˆ and k = kkˆ
and defining the complete radial and angular basis in a spherical Bessel Fourier space as |k`m〉, its representation
in configuration space is
〈x|k`m〉 = ℵ`(k)j`(kχ)Y`m(nˆ) . (B2)
This basis is orthonormal, i.e.
〈k`m|k′`′m′〉 = i`(k)δD(k − k′)δ``′δmm′ (B3)
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and
〈k′|k`m〉 = ג`(k)Y`m(kˆ)δD(k − k′) . (B4)
At the moment, ℵ`(k), i`(k) and ג`(k) are generic functions. Obviously, as we will see below, these functions are
closely related to each other.
The completeness conditions on all possible bases are defined in the following way:
1 =
∫
d3x |x〉〈x| =
∫
d3k
(2pi)3
|k〉〈k| =
∑
`m
∫
k2dk
(2pi)3
k`(k)|k`m〉〈k`m| (B5)
Here, by construction, i`(k) and k`(k) are real, i.e.
i`(k) = i
∗
` (k) and k`(k) = k∗` (k) . (B6)
Now, projecting the field φ = |φ〉, respectively on |x〉, |k〉 and |k`m〉, i.e.
〈x|φ〉 = φ(x) 〈k|φ〉 = φ(k) 〈k`m|φ〉 = φ`m(k) , (B7)
and using the completeness conditions, we find
φ(x) =
∫
d3k
(2pi)3
〈x|k〉〈k|φ〉 =
∫
d3k
(2pi)3
eixkφ(k) , φ(k) =
∫
d3x 〈k|x〉〈x|φ〉 =
∫
d3x e−ixkφ(x) , (B8)
For φ`m(k):
φ`m(k) =
∫
d3x 〈k`m|x〉〈x|φ〉 =
∫
d3x ℵ∗` (k)j`(kχ)Y ∗`m(nˆ)φ(x) (B9)
or
=
∫
d3k˜
(2pi)3
〈k`m|k˜〉〈k˜|φ〉 =
[
k2ג∗` (k)
(2pi)3
] ∫
d2kˆ Y ∗`m(kˆ)φ(k) . (B10)
Relations between ℵ`(k), i`(k), ג`(k) and k`(k): i) From 〈x|k〉
〈x|k〉 =
∑
`m
∫
k˜2dk˜
(2pi)3
k`(k˜)〈x|k˜`m〉〈k˜`m|k〉 =
∑
`m
[
k2ℵ`(k)ג∗` (k)k`(k)
(2pi)3
]
j`(kχ)Y
∗
`m(kˆ)Y`m(nˆ) (B11)
we find
k2ℵ`(k)ג∗l (k)k`(k)
(2pi)3
= (4pi)i` . (B12)
From the above relation, immediately, we obtain the following property
ℵ`(k)ג∗l (k) = (−1)`ℵ∗` (k)גl(k) . (B13)
ii) From 〈k`m|k′`′m′〉
〈k`m|k′`′m′〉 =
∫
d3x 〈k`m|x〉〈x|k′`′m′〉 = δK``′δKmm′
pi
2k2
|ℵ`(k)|2 δD(k − k′) (B14)
or
=
∫
d3k˜
(2pi)3
〈k`m|k˜〉〈k˜|k′`′m′〉 = δK``′δKmm′
k2
(2pi)3
|ג`(k)|2 δD(k − k′) , (B15)
where we have used ∫
dχ¯ χ¯2j`(kχ¯)j`(k
′χ¯) =
pi
2k2
δD(k − k′) .
Then we find
i`(k) =
pi
2k2
|ℵ`(k)|2 = k
2
(2pi)3
|ג`(k)|2 . (B16)
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In the literature, these coefficients are usually fixed in the following way:
(1) ℵ`(k) = k
√
2
pi , i`(k) = 1 , ג`(k) =
(2pi)3/2(−i)`
k , k`(k) =
(2pi)3
k2 ;
(2) ℵ`(k) = 4pii` , i`(k) = (2pi)
3
k2 , ג`(k) =
(2pi)3
k2 , k`(k) = 1 ,
(B17)
where in (1) see Refs. [17, 114] and in (2) see Refs. [2, 110, 111].
In the paper it is also useful to write the inverse of Eq. (B10). Using the results obtained in this section, we
immediately find
φ(k) =
∑
`m
∫
k˜2dk˜
(2pi)3
k`(k˜)〈k|k˜`m〉φ`m(k˜) =
∑
`m
4pi(−i)`
ℵ∗` (k)
Y`m(kˆ)φ`m(k) . (B18)
Appendix C: Covariant derivative on unit sphere and the spin-weighted spherical harmonic decomposition
In this appendix, we outline the decomposition of three dimensional quantities on a unity sphere in the observer
tangent space and show how one can derive the relation between the covariant 2D derivative and spin-weighted
spherical harmonics function. This discussion is based on Refs. [123, 132–138].
Starting from the orthonormal polar basis vectors {n, eθ, eϕ}, it is possible to define the following helicity basis
m± =
eθ ∓ ieϕ√
2
which are also called spin±1 unit basis vector on the unity sphere. (In the literature, e.g. Refs. [135, 136], m± is also
denoted as m+ = m¯ and m− = m.) Under a right-handed rotation of the coordinate system {eθ, eϕ} around n by
an angle ψ, so that
eθ → e′θ = cosψ eθ + sinψ eϕ
eϕ → e′ϕ = − sinψ eθ + cosψ eϕ ,
m± transform as
m± →m′± = exp (±iψ)m± .
In particular, m± satisfy the following properties
mi± = Pijmj±, mi±m±i = 0, mi±m∓i = 1, nim±i = 0 , Pji = m+imj− +m−imj+ .
Given a spin-weight s complex function sf(n), it transforms as sf(n) → e−isψs f(n). Then, defining the projected
tensor as
Ti1...is = Pj1i1 ...Pjsis Tj1...js ,
Ti1...ism
i1− ...m
is− transforms as a spin-weight s object. Specifically, if Tj1...js is tensor symmetric and trace-free com-
ponent of a rank s tensor, we can associate it with a s-spin weight function in the following way
sf(n) = Ti1...ism
i1− ...m
is−
−sf(n) = Ti1...ism
i1
+ ...m
is
+ (C1)
or conversely
Tj1...js = sf(n)m+i1 ...m+is + −sf(n)m−i1 ...m−is . (C2)
At this point it is important to define the covariant derivative on the unit sphere12
1
χ¯
(2)∇iTj1...js = Ppi Pq1j1 ...Pqsjs ∂pTq1...qs . (C3)
12 In Ref. [138] (2)∇i = Di.
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From the above relation we note immediately that,
for s 6= 0, ∂⊥i 6= 1
χ¯
(2)∇i
and, for s = 0 we have
∂⊥if =
1
χ¯
(2)∇if and ∂if = ∂‖f + 1
χ¯
(2)∇if . (C4)
(Here 0f = f .) Instead, with two derivates we find
∂⊥i∂⊥jf = − 1
χ¯2
nj
(2)∇if + 1
χ¯2
(2)∇i(2)∇jf . (C5)
Now it is useful to relate (2)∇i to the usual spin-raising and lowering operators, i.e. ð and ð¯, defined and analyzed
for the first time in Refs. [139–144] (see also e.g. [145–148]). First of all, the spin operators are defined in the following
way
ð sf = − sins θ
(
∂θ +
i
sin θ
∂ϕ
)
1
sins θ
sf
ð¯ sf = − 1
sins θ
(
∂θ − i
sin θ
∂ϕ
)
sins θ sf ,
and have the ability to transform under the angle ψ rotation as
ð sf(n) → e−i(s+1)ψð sf(n) ,
ð¯ sf(n) → e−i(s−1)ψð¯ sf(n) .
Then the covariant derivate of Tj1...js can be written as follows:
(2)∇iTj1...js = [Di sf(n)]m+j1 ...m+js + [Di −sf(n)]m−j1 ...m−js , (C6)
where
−
√
2[Di sf(n)] = ð sf m+i + ð¯ sf m−i . (C7)
Conversely,
ð sf = −
√
2mj−m
i1− ...m
is−
(2)∇jTi1...is ,
ð¯ sf = −
√
2mj+m
i1− ...m
is−
(2)∇jTi1...is ,
for s ≥ 0, and we have to replace mis− with mis+ for s < 0.
In order to describe correctly objects of spin-weight s we need to generalize the spherical harmonic basis Y`m(θ, ϕ).
This new basis is called spin-weight spherical harmonics sY`m(θ, ϕ) and it can be related with the usual Y`m(θ, ϕ) =
0Y`m(θ, ϕ) in the following way:
sY`m(θ, ϕ) =
√
(`− |s|)!
(`+ |s|)!
 ð
s Y`m(θ, ϕ) for 0 ≤ s ≤ `
(−1)s ð¯|s| Y`m(θ, ϕ) for − ` ≤ s ≤ 0
(C8)
and satisfies the properties
sY
∗
`m(θ, ϕ) = (−1)m+s−sY`−m(θ, ϕ)
ðsY`m(θ, ϕ) =
√
(`− s)(`+ s+ 1)s+1Y`m(θ, ϕ)
ð¯sY`m(θ, ϕ) = −
√
(`+ s)(`− s+ 1)s−1Y`m(θ, ϕ)
ð¯sðsY`m(θ, ϕ) = −(`− s)(`+ s+ 1)sY`m(θ, ϕ) . (C9)
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Then we find
ð¯sðsY`m(θ, ϕ) = ðsð¯sY`m(θ, ϕ) = (−1)s (`+ |s|)!
(`− |s|)!Y`m(θ, ϕ) , (C10)
and we can rewrite Eq. (C7) by using the spin-s spherical harmonics, i.e.
−
√
2[Di sY`m(θ, ϕ)] =
√
(`− s)(`+ s+ 1)s+1Y`m(θ, ϕ) m+i −
√
(`+ s)(`− s+ 1)s−1Y`m(θ, ϕ) m−i . (C11)
Now we have all the required tools to connect quickly the covariant derivative on the unit sphere with the spin-s
spherical harmonic basis. For example,
mi−
(2)∇iY`m = −
√
(`− s)(`+ s+ 1)
2
s+1Y`m , (C12)
mi+
(2)∇iY`m =
√
(`+ s)(`− s+ 1)
2
s−1Y`m , (C13)
and
(2)∇iY`m(θ, ϕ) = −
√
`(`+ 1)
2
[1Y`m(θ, ϕ) m+i −−1 Y`m(θ, ϕ) m−i] . (C14)
Let us conclude this section with the orthogonality and completeness expression∫
d2nˆ sY`1m1(nˆ)sY
∗
`2m2(nˆ) = δ
K
`1`2δ
K
m1m2 , (C15)∑
`m
sY`m(θ1, ϕ1)sY
∗
`m(θ2, ϕ2) = δ
D(ϕ1 − ϕ2)δD(θ1 − θ2) , (C16)
and the generalization of the Gaunt integral∫
d2nˆ s1Y`1m1(nˆ)s2Y`2m2(nˆ)s3Y`3m3(nˆ) = I−s1−s2−s3`1`2`2
(
`1 `2 `3
m1 m2 m3
)
, (C17)
where Is1s2s3`1`2`2 has already been defined in Eq. (137).
Appendix D: Properties of Υ[#]abc
This section is devoted to compute and prove some subtle cancellations of the bispectrum building blocks Υ which
are already mentioned and briefly discussed in Sec. IV C.
1. Proof that Υ[1]abc ∝ δK`10
Let us start with Υ[1]abc defined in Eq. (77). For i = 2, 3 of Eq. (44) and i = 1, 2, 4, 5 of Eq. (48), we have
Ma(2)
`1m1`p1mp1`q1mq1
¯`
1m¯1
(k1; q1, q1) ∝ δK¯`
10
δKm¯10(4pi)
3ℵ∗`1(k)(−1)m1i`p1+`q1G
`1`p1`q1−m1mp1mq1 × ... .
Using δK¯`
10
δKm¯10, it is possible to rewrite the Gaunt integrals in Υ
[1]abc as
δK¯`
10
δKm¯10 G
`p1
¯`
1`
′
1
−mp1m¯1m′1G
`q1
¯`
1`
′
1
mq1m¯1m
′
1
= G`p10`
′
1
−mp10m′1G
`q10`
′
1
mq10m
′
1
∝ δK`′1`p1δ
K
`′1`q1
δKm′1mp1
δKm′1−mq1 = δ
K
`p1`q1
δKmp1−mq1 .
Then we find
Υ[1]abc ∝ δK`2`3δKm2−m3(−1)`2+m2
∑
`p1
(−1)`p1
√
2`p1 + 1 C
`10
`p10`p10
`p1∑
mp1=−`p1
C
`1−mp1
`p1−mp1`p10 × ...
∝ δK`2`3δKm2−m3δK`10 , (D1)
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because [149]
`p1∑
mp1=−`p1
C
`1−mp1
`p1−mp1`p10 = (2`p1 + 1) δ
K
`10 ,
where Ccγaαbβ are the ClebschGordan coefficients which are related to Wigner 3-j symbols in the following way
√
2c+ 1
(
a b c
α β γ
)
= (−1)c+γ+2a Ccγa−αb−β . (D2)
Here we consider only `1 > 0, then we can discard Υ
[1]abc for all the terms considered.
Instead, for i = 1 of Eq. (44) and i = 3 of Eq. (48), Ma(2)
`m`pmp`qmq ¯`m¯
(k; p, q) is independent with m¯1 and we find
directly that [149]
¯`
1∑
m¯1=−¯`1
`′1∑
m′1=−`′1
G`p1 ¯`1`
′
1
−mp1m¯1m′1G
`q1
¯`
1`
′
1
mq1m¯1m
′
1
∝ C`p10¯`
10`1′0
C
`q10
¯`
10`1′0
¯`
1∑
m¯1=−¯`1
`′1∑
m′1=−`′1
C
`p1−mp1
¯`
1−m¯1`1′−m1′C
`q1mq1
¯`
1−m¯1`1′−m1′ ∝ δ
K
`p1`q1
δKmp1−mq1 .
(D3)
Taking into account the above relation and Ma(2)
`m`pmp`qmq ¯`m¯
(k1; p1, q1) ∝ (−1)−mq1G`1`p1`q1−m1mp1mq1 we have
δK`p1`q1δ
K
mp1−mq1(−1)
−mq1G`1`p1`q1−m1mp1mq1 ∝ C
`q1−mq1
`q1−mq1`10 (D4)
and, finally, we obtain
Υ[1]abc ∝ .....×
∑
¯`
1`′1`q1
....×
`q1∑
mq1=−`q1
C
`q1−mq1
`q1−mq1`10 ∝ δ
K
`10 . (D5)
2. Proof that Υ[2]abc = Υ[3]abc
For simplicity, let us start to write again Eq.(76)〈
1
2
∆
a(2)
`1m1
(k1)∆
b
`2m2(k2)∆
c
`3m3(k3)
〉
= Υ
[1]abc
`1m1`2m2`3m3
(k1, k2, k3)+Υ
[2]abc
`1m1`2m2`3m3
(k1, k2, k3)+Υ
[3]abc
`1m1`2m2`3m3
(k1, k2, k3)
(D6)
where Υ
[j]abc
`1m1`2m2`3m3
, for j = 1, 2, 3, are the bispectrum building blocks and contain all of the information on the
bispectrum in redshift space. Explicitly, we have
Υ
[1]abc
`1m1`2m2`3m3
(k1, k2, k3) =
∑
`p1mp1`q1mq1
¯`
1m¯1`′1m
′
1
δKm2−m3δ
K
`2`3(−1)`
′
1+`2+m2+mp1G`p1 ¯`1`
′
1
−mp1m¯1m′1G
`q1
¯`
1`
′
1
mq1m¯1m
′
1∫
q21dq1
(2pi)3
q22dq2
(2pi)3
[
Ma(2)
`1m1`p1mp1`q1mq1
¯`
1m¯1
(k1; q1, q1) Mb(1)`2 (k2, q2) M
c(1)
`3
(k3, q2)
]
PΦ(q1)PΦ(q2) , (D7)
Υ
[2]abc
`1m1`2m2`3m3
(k1, k2, k3) =
∑
`p1mp1`q1mq1
¯`
1m¯1
(−1)`2+`3−m2−m3+mp1+mq1+m¯1G`p1 ¯`1`2−mp1m¯1−m2G
`q1
¯`
1`3
mq1m¯1m3∫
q22dq2
(2pi)3
q23dq3
(2pi)3
[
Ma(2)
`1m1`p1mp1`q1mq1
¯`
1m¯1
(k1; q2, q3) Mb(1)`2 (k2, q2) M
c(1)
`3
(k3, q3)
]
PΦ(q2)PΦ(q3) , (D8)
and
Υ
[3]abc
`1m1`2m2`3m3
(k1, k2, k3) =
∑
`p1mp1`q1mq1
¯`
1m¯1
(−1)`2+`3−m2−m3+mp1+mq1+m¯1G`p1 ¯`1`3−mp1m¯1−m3G
`q1
¯`
1`2
mq1m¯1m2∫
q22dq2
(2pi)3
q23dq3
(2pi)3
[
Ma(2)
`1m1`p1mp1`q1mq1
¯`
1m¯1
(k1; q3, q2) Mb(1)`2 (k2, q2) M
c(1)
`3
(k3, q3)
]
PΦ(q2)PΦ(q3) , (D9)
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Here below we prove that Υ
[2]abc
`1m1`2m2`3m3
(k1, k2, k3) = Υ
[3]abc
`1m1`2m2`3m3
(k1, k2, k3). First of all, by construction, we
note that
Ma(2)
`m`pmp`qmq ¯`m¯
(k; p, q) =Ma(2)
`m`qmq`pmp ¯`m¯
(k; q, p) . (D10)
Then, for example, using Eq. (D9)
Υ
[3]abc
`1m1`2m2`3m3
(k1, k2, k3) =
∑
`p1mp1`q1mq1
¯`
1m¯1
(−1)`2+`3−m2−m3+mp1+mq1+m¯1G`p1 ¯`1`3−mp1m¯1−m3G
`q1
¯`
1`2
mq1m¯1m2∫
q22dq2
(2pi)3
q23dq3
(2pi)3
[
Ma(2)
`1m1`p1mp1`q1mq1
¯`
1m¯1
(k1; q3, q2) Mb(1)`2 (k2, q2) M
c(1)
`3
(k3, q3)
]
PΦ(q2)PΦ(q3)
=
∑
`p1mp1`q1mq1
¯`
1m¯1
(−1)`2+`3−m2−m3+mp1+mq1+m¯1G`p1 ¯`1`3−mp1m¯1−m3G
`q1
¯`
1`2
mq1m¯1m2∫
q22dq2
(2pi)3
q23dq3
(2pi)3
[
Ma(2)
`1m1`q1mq1`p1mp1
¯`
1m¯1
(k1; q2, q3) Mb(1)`2 (k2, q2) M
c(1)
`3
(k3, q3)
]
PΦ(q2)PΦ(q3)
=
∑
`q1mq1`p1mp1
¯`
1m¯1
(−1)`2+`3−m2−m3+mq1+mp1+m¯1G`q1 ¯`1`3−mq1m¯1−m3G
`p1
¯`
1`2
mp1m¯1m2∫
q22dq2
(2pi)3
q23dq3
(2pi)3
[
Ma(2)
`1m1`p1mp1`q1mq1
¯`
1m¯1
(k1; q2, q3) Mb(1)`2 (k2, q2) M
c(1)
`3
(k3, q3)
]
PΦ(q2)PΦ(q3) ,
where, in the last step, we renamed `p1 → `q1, `q1 → `p1, mp1 → mq1, and mq1 → mp1. Now, it is easy to see that
G`q1 ¯`1`3−mq1m¯1−m3G
`p1
¯`
1`2
mp1m¯1m2
= G`q1 ¯`1`3mq1−m¯1m3G
`p1
¯`
1`2
−mp1−m¯1−m2 .
For the terms considered in this work, Ma(2)
`m`pmp`qmq ¯`m¯
does not depend on the sign of m¯1 and we can redefine m¯1
as −m¯1. This concludes the proof.
3. Proof of isotropy of Eq.(72)
Let us start with Υ[2]abc. From the results obtained in Sec. VI, it is possible to redefine the kernel at second order
in the following way
Ma(2)
`1m1`p1mp1`q1mq1
¯`
1m¯1
(k1; q2, q3) = (−1)m1G`1`p1`q1−m1mp1mq1K
a(2)
`1`p1`q1
¯`
1
(k1; q2, q3)
and we find13∑
mp1mq1m¯1
(−1)−m2−m3+m1+mp1+mq1+m¯1G`1`p1`q1−m1mp1mq1G
`p1
¯`
1`2
−mp1m¯1−m2G
`q1
¯`
1`3
mq1m¯1m3
=
(
`1 `2 `3
m1 m2 m3
)√
(2`1 + 1)(2`2 + 1)(2`3 + 1)
4pi
×
[
(−1)−(¯`1+`q1+`p1) (2
¯`
1 + 1)(2`q1 + 1)(2`p1 + 1)
4pi
×
(
`q1 `1 `p1
0 0 0
)(
`p1 `2
¯`
1
0 0 0
)(
¯`
1 `3 `q1
0 0 0
){
`1 `2 `3
¯`
1 `q1 `p1
}]
, (D11)
where we have used the identity∑
m4m5m6
(−1)
∑6
i=4(li−mi)
(
`5 `1 `6
m5 −m1 −m6
)(
`6 `2 `4
m6 −m2 −m4
)(
`4 `3 `5
m4 −m3 −m5
)
=
(
`1 `2 `3
m1 m2 m3
){
`1 `2 `3
`4 `5 `6
}
. (D12)
13 Here (−1)−mi = (−1)mi because all mi are integers.
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Here
{
j1 j2 j12
j3 j j23
}
is the definition of the Wigner 6j symbols. Due to the properties of the Gaunt integrals we note
that `1 + `2 + `3 is even. Then we can recast Eq.(78) as
Υ
[2]abc
`1m1`2m2`3m3
(k1, k2, k3) =
(
`1 `2 `3
m1 m2 m3
)√
(2`1 + 1)(2`2 + 1)(2`3 + 1)
4pi
∑
`p1`q1
¯`
1
(−1)−(¯`1+`q1+`p1)
× (2
¯`
1 + 1)(2`q1 + 1)(2`p1 + 1)
4pi
(
`q1 `1 `p1
0 0 0
)(
`p1 `2
¯`
1
0 0 0
)(
¯`
1 `3 `q1
0 0 0
){
`1 `2 `3
¯`
1 `q1 `p1
}
×(−1)`2+`3
∫
q22dq2
(2pi)3
q23dq3
(2pi)3
[
Ka(2)
`1`p1`q1
¯`
1
(k1; q2, q3) Mb(1)`2 (k2, q2) M
c(1)
`3
(k3, q3)
]
PΦ(q2)PΦ(q3) (D13)
Taking into account that Υ[2]abc = Υ[3]abc and using the same prescription for all additive terms in Eq.(72) we obtain,
at second order, the final result
〈∆g`1m1(k1)∆
g
`2m2
(k2)∆
g
`3m3
(k2)〉 =
(
`1 `2 `3
m1 m2 m3
)
B`1`2`3(k1, k2, k3) . (D14)
Appendix E: Transfer functions at first and second order
1. Transfer functions at first-order
At background level,
H2 = a2H20
(
Ωm0a
−3 + ΩΛ0
)
, (E1)
H′
H2 =
(
1− 3
2
Ωm0a
−3
)
, (E2)
ρ¯′m = −3Hρ¯m , (E3)
where Ωm0 = 8piρ¯m0/3H20, ΩΛ0 = 1− Ωm0 and we set a0 = 1. A useful relation is the following(H
a
)′
+
3
2
Ωm
a
H2 = 0 ,
where Ωm = 8piρ¯m0/3a
2H2 = a−3Ωm0 or, equivalently, aH2Ωm = H20Ωm0. and, at the first perturbative order, for
k < keq, where keq = 0.073Mpc
−1Ωm0h2, for our aims the relevant equations are
Φ′′ + 3HΦ′ + (2H′ +H2)Φ = 0, (E4)
Φ′ +HΦ = −4piGρ¯ma2v = − 3
2a
H20Ωm0v , (E5)
v′ +Hv + Φ = 0, (E6)
∇2Φ = 4piGρ¯ma2δ(1)mCS =
3
2a
H20Ωm0δ(1)mCS, (E7)
Defining Φ(k, η) = D(η)Φ0(k)/a where D(η0) = 1, and Φ0(k) = Φ(k, η0), and combining Eqs. (E4) and (E7) we find
the well-known differential equation
δ
(1)
mCS
′′
+Hδ(1)mCS
′ − 3
2
H2Ωmδ(1)mCS = 0 or, equivalently, D′′ +HD′ −
3
2a
H20Ωm0D = 0 . (E8)
Here selecting only D(η) the growth mode we find δ
(1)
mCS = Dδ
(1)
mCS0, and as defining the growth factor f = d lnD/d ln a
it is easy to see that (
f +
3
2
Ωm
)
H2D = const. (E9)
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and we can write
D =
(
f0 +
3
2Ωm0
)(
f + 32Ωm
) H20H2 = 5Din2 (f + 32Ωm)H
2
in
H2 , (E10)
where we use the subscripts in as generic time during the Einstein de Sitter (EdS) period (for example during the
recombination epoch), i.e. when Ωm in = 1, Din ∝ ain, fin = 1. Solving directly Eq. (E8), we immediately find
D(η) =
H(η)
[
1 +
5H3in
2ain
∫ a(η)
ain
da˜
H3(a˜)
]
a(η)H0
[
1 +
5H3in
2ain
∫ 1
ain
da˜
H3(a˜)
] . (E11)
From Eq.(E5), for the velocity potential we have
v = − 2
3HΩm fΦ (E12)
and from Eq.(E6), for the derivate of the velocity potential
v′ =
2
3Ωm
(
f − 3
2
Ωm
)
Φ . (E13)
In order to compute all T i, we also need the expression for the density contrast in the Poisson gauge, i.e.
3
2
H20Ωm0
a
δ(1)m =
(∇2 − 3fH2)Φ (E14)
and the comoving curvature perturbation at first-order:
− ζ(x) = Φ + 2
3
1
1 + w
(
Φ +H−1Φ′) , (E15)
where w is the the total equation state which for η & ηrec can be written as w = Ωm − 1 in ΛCDM model and we can
write
ζ(x) = −2
3
(
f + 32Ωm
)
Ωm
Φ .
For completeness let us also write explicitly linear metric perturbations quantities in SC gauge with ζ. From [70, 98, 99]
− ζ(x) = ψ(1) + 1
6
∇2χ(1) and χ(1) = 2(
f + 32Ωm
)H2 ζ = − 43ΩmH2 Φ or − ψ(1) = 13 1(f + 32Ωm)H2∇2ζ + ζ .
(E16)
Finally, for scales k > keq, we have to consider the evolution of the perturbation modes that enter the horizon
before and around the epoch of matter-radiation equality, i.e. the Meszaros effect.14 At linear order and for η & ηrec,
it is possible to implement these scales analytically by using the transfer function Tm(k) defined by Eisenstein & Hu
[150] (or BBKS by [117]), i.e.
Φ(k, η) =
D(η)
a
Φ0(k) =
9
10
D(η)
Din
ain
a
Tm(k)Φp(k) = −3
5
D(η)
Din
ain
a
Tm(k)ζp(k) , (E17)
where Φp(k) = −2ζ(k)/3 . Here ζ(k) is the primordial curvature perturbation set at the inflation epoch.
14 Note that for η < ηrec and k & keq is not valid Eq. (E15); for example see [121].
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In conclusion, we find
T Φ(k, η) = 9
10
D(η)
Din
ain
a
Tm(k) , (E18)
T δSC(k, η) = − 3
5H20Ωm0
ain
Din
D(η)k2Tm(k) , (E19)
T v(k, η) = − 3
5H20Ωm0
ain
Din
HfD(η)Tm(k) , (E20)
T ζ(k, η) = − 3
5Ωm
(
f +
3
2
Ωm
)
D(η)
Din
ain
a
Tm(k) , (E21)
Tχ(k, η) = − 6
5ΩmH2
D(η)
Din
ain
a
Tm(k) , (E22)
T δm(k, η) = − 3
5H20Ωm0
ain
Din
D(η)
(
k2 + 3fH2)Tm(k) , (E23)
T δg (k, η) = −3
5
D(η)
Din
ain
a
{
a
[
b10k
2 − b∇2δk4 + (3− be)fH2
]
H20Ωm0
+
(
f + 32Ωm
)
Ωm
b01
}
Tm(k) , (E24)
T Q(1)(k, η, L¯) = 3
5
D(η)
Din
ain
a
a
[
∂b10(k,η,L¯)
∂ ln L¯
k2 − ∂b∇2δ(k,η,L¯)
∂ ln L¯
k4 − ∂be(η,L¯)
∂ ln L¯
fH2
]
H20Ωm0
+
(
f + 32Ωm
)
Ωm
∂b01(k, η, L¯)
∂ ln L¯
Tm(k) .
(E25)
2. Transfer functions at second order
In this subsection we give some examples in which we provide a prescription to compute kernels at second order
F
b(2)
¯` (p, q; η), starting from numerical or analytical results found in literature.
a. Large scales, i.e. for p, q < keq
Here below, as an illustrative example, we will write explicitly all kernels F
b(2)
¯` (p, q; η). In particular, we will use
the analytical results obtained in Refs. [98, 99, 101, 151].
Starting from [101] (see also [71])
Φ(2)(x, η) =
[
3
(
D
a
)2
− 2D
a
Din
ain
(
fNL +
5
6
)
+
2
3
D2f2
a2Ωm
]
[Φ0(x)]
2
+ 12
[
2
(
D
a
)2
− 5
3
D
a
Din
ain
+
2
3
D2f2
a2Ωm
]
Θ0(x)
+
2
3
D2
a2Ωm
∂iΦ0(x)∂
iΦ0(x)− 4
3
D2(1 + F/D2)
a2Ωm
Ξ0(x) , (E26)
Ψ(2)(x, η) =
[
−
(
D
a
)2
− 2D
a
Din
ain
(
fNL +
5
6
)
+
2
3
D2f2
a2Ωm
]
[Φ0(x)]
2
+ 12
[(
D
a
)2
− 5
3
D
a
Din
ain
]
Θ0(x)
+
2
3
D2
a2Ωm
∂iΦ0(x)∂
iΦ0(x)− 4
3
D2(1 + F/D2)
a2Ωm
Ξ0(x) , (E27)
v(2)(x, η) =
2
3
Df
aHΩm
[
D
a
+ 2
Din
ain
(
fNL − 5
3
)]
[Φ0(x)]
2 − 8 D
2f
a2HΩm Θ0(x)−
4
9
D2f
a2H3Ω2m
∂iΦ0(x)∂
iΦ0(x)
+
8
9
F ′
a2H4Ω2m
Ξ0(x) , (E28)
where
Θ0(x) =
1
6
∇−2 [∂iΦ0(x)∂iΦ0(x)− 3∇−2∂i∂j (∂iΦ0(x)∂jΦ0(x))] = ∇−2 [Ξ0(x)− 1
3
∂iΦ0(x)∂
iΦ0(x)
]
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and15
Ξ0(x) = −1
2
∇−2
[(∇2Φ0(x))2 − ∂i∂jΦ0(x)∂i∂jΦ0(x)] .
Here F is the solution of the following differential equation
F ′′ +HF ′ − 3
2
H2ΩmF = 3
2
H2ΩmD2 . (E29)
Instead, for the density contrast at second order in the CS gauge one finds [98, 99, 101]
δ
(2)
mCS = −
8
3
D
aH2Ωm
Din
ain
[(
fNL +
5
12
)
∂iΦ0(x)∂
iΦ0(x) +
(
fNL − 5
3
)
Φ0(x)∇2Φ0(x)
]
+
4
9
D2
a2H4Ω2m
[(
1 +
F
D2
)(∇2Φ0(x))2 + (1− F
D2
)
∂i∂jΦ0(x)∂
i∂jΦ0(x)
]
. (E30)
To the aim of computing the halo density contrast to second order the CS gauge second-order density contrast will
have to be multiplied by the linear bias term. As widely discussed in the recent literature, however (see [64, 130, 131])
this procedure makes unavoidable the use of some sort of “peak background” or “short-long” splitting, where local
coordinates are defined within a patch whose size is much larger than the typical halo Lagrangian radius but much
smaller than the distance over which correlations are computed; as a consequence of this short-long splitting, inherent
in the halo bias approach, the −5/3 additive term in the first line of the above expression, which would act as a
local fNL-like contribution, can be removed (in the strict squeezed limit) by a local (i.e. within the patch) coordinate
transformation, yielding the effective expression
δ
(2)
mCS ' −
8
3
D
aH2Ωm
Din
ain
[(
fNL +
5
12
)
∂iΦ0(x)∂
iΦ0(x) + fNLΦ0(x)∇2Φ0(x)
]
+
4
9
D2
a2H4Ω2m
[(
1 +
F
D2
)(∇2Φ0(x))2 + (1− F
D2
)
∂i∂jΦ0(x)∂
i∂jΦ0(x)
]
(E31)
which can be used in connection with halo bias calculations, up to negligible corrections of order (λS/λL)
2
, with λS
and λL typical scales much smaller and much larger than the patch size, respectively.
Transforming to Fourier space Eqs.(E26), (E27), (E28), (E31), and applying Eqs.(84) and (E17) we find the following
kernels
FΦ(2)(p,q, k˜; η) = 3− 2 a
ain
Din
D
(
fNL +
5
6
)
+
2
3
f2
Ωm
+ 12
(
2− 5
3
a
ain
Din
D
+
2
3
f2
Ωm
)
FΘ(p,q, k˜)
+
2
3
1
Ωm
p q (pˆ · qˆ)− 4
3
(1 + F/D2)
Ωm
FΞ(p,q, k˜) , (E32)
FΨ(2)(p,q, k˜; η) = −1− 2 a
ain
Din
D
(
fNL +
5
6
)
+
2
3
f2
Ωm
+ 12
(
1− 5
3
a
ain
Din
D
)
FΘ(p,q, k˜)
+
2
3
1
Ωm
p q (pˆ · qˆ)− 4
3
(1 + F/D2)
Ωm
FΞ(p,q, k˜) , (E33)
F v(2)(p,q, k˜; η) =
2
3
f
HΩm
[
1 + 2
a
ain
Din
D
(
fNL − 5
3
)]
− 8 fHΩmF
Θ(p,q, k˜)− 4
9
f
H3Ω2m
p q (pˆ · qˆ)
+
8
9
F ′
D2H4Ω2m
FΞ(p,q, k˜) , (E34)
F δmCS(2)(p,q, k˜; η) =
4
3
1
H2Ωm
a
ain
Din
D
[
2
(
fNL +
5
12
)
p q (pˆ · qˆ) + fNL
(
p2 + q2
)]
+
4
9
1
H4Ω2m
[(
1 +
F
D2
)
p2 q2 +
(
1− F
D2
)
p2 q2 (pˆ · qˆ)2
]
, (E35)
15 In [71, 101, 151] Ψ0 is equal to our definition Ξ0.
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where (see also [151]),
FΘ(p,q, k˜) =
1
2
{
1
3
p q
k˜2
(pˆ · qˆ)− p
2 q2
k˜4
[
1 +
(
p
q
+
q
p
)
(pˆ · qˆ) + (pˆ · qˆ)2
]}
= −p q
k˜2
[
FΞ(p,q, k˜)
p q
+
1
3
(pˆ · qˆ)
]
,
(E36)
FΞ(p,q, k˜) =
1
2
p2 q2
k˜2
[
1− (pˆ · qˆ)2
]
. (E37)
Finally, from Eq. (259) we have
F δg(2)(p,q, k˜; η) = b10F
δmCS(2)(p,q, k˜; η)− (be − 3)HF v(2)(p,q, k˜; η)− 2f
Ωm
(be − 3)(p + q)
2
k˜2
+
4b02
9Ω2m
(
f +
3
2
Ωm
)2
+
4f2
9Ω2m
[
(be − 3)2 + ∂be
∂ ln a
]
+
2f
3Ωm
(be − 3)(1− f)− 8f
9HΩ2m
(
f +
3
2
Ωm
)
[b′01 +H(be − 3)b01]
+
[
− 4f
2b10
9H2Ω2m
− 4f
9H3Ω2m
[b′10 +H(be − 3)b10] +
4b11
9H2Ω2m
(
f +
3
2
Ωm
)]
p q
(
p
q
+
q
p
)
+
4b20
9H4Ω2m
p2 q2
+
4b10
9H4Ω2m
p2 q2
(
p
q
+
q
p
)
(pˆ · qˆ) + 8b01
9H2Ω2m
(
f +
3
2
Ωm
)
p q(pˆ · qˆ)− bs2
3
+ bs2(pˆ · qˆ)2 + b∇2δF∇
2δmCS(2)(p,q, k˜; η)
− 4b∇2δ
9H4Ω2m
p3 q3
(
p2
q2
+
q2
p2
)
(pˆ · qˆ) + 4b(∇2δ)2
9H4Ω2m
p4 q4 − 4bδ∇2δ
9H4Ω2m
p3 q3
(
p
q
+
q
p
)
− 8b(∂δ)2
9H4Ω2m
p3 q3(pˆ · qˆ)
− 4f
9H3Ω2m
[b′∇2δ +H(be − 3)b∇2δ] p q
(
p
q
+
q
p
)
+
4f2b∇2δ
9H3Ω2m
p2 q2
(
p2
q2
+
q2
p2
)
, (E38)
where
F∇
2δmCS(2)(p,q, k˜; η) = −k˜2F δmCS(2)(p,q, k˜; η) . (E39)
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Now, using Eq.(86) we can rewrite the above relations in the following way:
F
Φ(2)
` (p, q; η) =
[
3− 2 a
ain
Din
D
(
fNL +
5
6
)
+
2
3
f2
Ωm
]
δK`0 +
2
3
1
Ωm
p qδK`1 + 12
(
2− 5
3
a
ain
Din
D
+
2
3
f2
Ωm
)
FΘ` (p, q)
−4
3
(1 + F/D2)
Ωm
FΞ` (p, q) , (E40)
F
Ψ(2)
` (p, q; η) =
[
−1− 2 a
ain
Din
D
(
fNL +
5
6
)
+
2
3
f2
Ωm
]
δK`0 +
2
3
1
Ωm
p qδK`1 + 12
(
1− 5
3
a
ain
Din
D
)
FΘ` (p, q)
−4
3
(1 + F/D2)
Ωm
FΞ` (p, q) , (E41)
F
v(2)
` (p, q; η) =
2
3
f
HΩm
[
1 + 2
a
ain
Din
D
(
fNL − 5
3
)]
δK`0 −
4
9
f
H3Ω2m
p q δK`1 − 8
f
HΩmF
Θ
` (p, q) +
8
9
F ′
D2H4Ω2m
FΞ` (p, q) ,
(E42)
F
δmCS(2)
` (p, q; η) =
4
3
1
H2Ωm
a
ain
Din
D
[
fNL
(
p2 + q2
)
δK`0 + 2
(
fNL +
5
12
)
p q δK`1
]
+
8
27
1
H4Ω2m
p2 q2
[(
2 +
F
D2
)
δK`0 +
(
1− F
D2
)
δK`2
]
, (E43)
F
δg(2)
` (p, q; η) = b10F
δmCS(2)
` (p, q, η)− (be − 3)HF v(2)` (p, q, η) + b∇2δF∇
2δmCS(2)
` (p, q; η)
+
{
4b02
9Ω2m
(
f +
3
2
Ωm
)2
+
4f2
9Ω2m
[
(be − 3)2 + ∂be
∂ ln a
]
− 2f
3Ωm
(be − 3)(f + 2) + 4b20
9H4Ω2m
p2 q2
− 8f
9HΩ2m
(
f +
3
2
Ωm
)
[b′01 +H(be − 3)b01] +
[
− 4f
2b10
9H2Ω2m
− 4f
9H3Ω2m
[b′10 +H(be − 3)b10]
+
4b11
9H2Ω2m
(
f +
3
2
Ωm
)
− 4bδ∇2δ
9H4Ω2m
p2 q2 − 4f
9H3Ω2m
[b′∇2δ +H(be − 3)b∇2δ]
]
p q
(
p
q
+
q
p
)
+
4b(∇2δ)2
9H4Ω2m
p4 q4 +
4f2b∇2δ
9H3Ω2m
p2 q2
(
p2
q2
+
q2
p2
)}
δ`0 +
[
4b10
9H4Ω2m
p q
(
p
q
+
q
p
)
+
8b01
9H2Ω2m
(
f +
3
2
Ωm
)
− 8b(∂δ)2
9H4Ω2m
p2 q2 − 4b∇2δ
9H4Ω2m
p2 q2
(
p2
q2
+
q2
p2
)]
p qδK`1 +
3
2
bs2δ
K
`2 (E44)
In order to write explicitly F
∇2δmCS(2)
` (p, q; η), F
Θ
` (p, q) & F
Ξ
` (p, q), let us consider the following relations (see also
[151])
(pˆ · qˆ) = 1
2
k˜2
p q
− 1
2
(
p
q
+
q
p
)
and
[
1 +
(
p
q
+
q
p
)
(pˆ · qˆ) + (pˆ · qˆ)2
]
=
1
4
k˜4
p2 q2
− 1
4
(
p
q
− q
p
)2
where k˜2 = p2 + q2 + 2p q(pˆ · qˆ) . Then we can recast Eqs. (E36), (E37) and (E39) as
FΘ(p,q, k˜) =
1
4
[
−1
6
− 1
3
p q
k˜2
(
p
q
+
q
p
)
+
1
2
p2 q2
k˜4
(
p
q
− q
p
)2]
, (E45)
FΞ(p,q, k˜) =
1
8
(
p
q
+
q
p
)
− 1
4
(pˆ · qˆ) + 1
2
p2 q2
k˜2
[
1− 1
4
(
p
q
+
q
p
)2]
, (E46)
F∇
2δmCS(2)(p,q, k˜; η) = −4
3
1
H2Ωm
a
ain
Din
D
[(
4fNL +
5
6
)
p q
(
p2 + q2
)
(pˆ · qˆ) + fNL
(
p2 + q2
)2
+4
(
fNL +
5
12
)
p2 q2(pˆ · qˆ)2
]
− 4
9
1
H4Ω2m
p2 q2
[(
1 +
F
D2
)(
p2 + q2
)
+ 2p q
(
1 +
F
D2
)
(pˆ · qˆ)
+
(
1− F
D2
)(
p2 + q2
)
(pˆ · qˆ)2 + 2p q
(
1− F
D2
)
(pˆ · qˆ)3
]
, (E47)
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and consequently we find
FΘ` (p, q) =
1
4
[
−1
6
δK`0 −
p q
3
(
p
q
+
q
p
)
σ2` (p, q) +
p2 q2
2
(
p
q
− q
p
)2
σ4` (p, q)
]
,
(E48)
FΞ` (p, q) =
1
8
(
p
q
+
q
p
)
δK`0 −
1
4
δ`1 +
p2 q2
2
[
1− 1
4
(
p
q
+
q
p
)2]
σ2` (p, q) , (E49)
F
∇2δmCS(2)
` (p, q; η) = −
4
3
1
H2Ωm
a
ain
Din
D
p2 q2
{[
fNL
(
p2
q2
+
q2
p2
)
+
10
3
(
fNL +
1
6
)]
δK`0 +
(
4fNL +
5
6
) (
p
q
+
q
p
)
δK`1
+
8
3
(
fNL +
5
12
)
δK`2
}
− 8
9
1
H4Ω2m
p3 q3
[
1
3
(
2 +
F
D2
)(
p
q
+
q
p
)
+
2
5
(
4 +
F
D2
)
δK`1
−1
3
(
1− F
D2
)(
p
q
+
q
p
)
δK`2 +
2
5
(
1− F
D2
)
δK`3
]
, (E50)
where
σn` (p, q) =
2`+ 1
2
∫ 1
−1
P`(x) dx
(p2 + q2 + 2p q x)
n/2
.
In Appendix F we will compute F˜ a` (p, q, k˜; η). With this new approach we will not need to compute σ
2
` (p, q).
b. Prescription for SONG
SONG16 is an open-source second-order Boltzmann code which includes all the effects of metric, CDM, baryons,
photons and neutrinos, see e.g. Ref. [112]. From this code one can compute all possible kernels in Fourier space from
the radiation era, both at large and small scales; the addition of the non-Gaussianity parameter fNL is straightforward
following our prescription.
Taking into account that SONG is written in the Poisson gauge, i.e.
f (2)(k, η) =
∫
d3p
(2pi)3
d3q
(2pi)3
(2pi)3δD (p + q− k) Kf(2)SONG(p,q, k; η)δ(1)m (p, η)δ(1)m (q, η) , (E51)
where f (2) = {Φ(2,Ψ(2), v(2), δ(2)m }, we can quickly correlate Kb(2) with F b(2) in the following way
F b(2)(p,q, k; η) = Kb(2)SONG(p,q, k; η)
T δm(p, η)
T Φ(p, η)
T δm(q, η)
T Φ(q, η) . (E52)
Now, for simplicity, setting be = 0, δ
(2)
gCS → δ(2)mCS, δ(2)g → δ(2)m and δg → δ(1)m , from Eq.(257) we can immediately
obtain the gauge transformation
δ
(2)
mCS = δ
(2)
m + ∂
iχ(1)∂iδ
(1)
mCS − 3Hv(2) − 3
(
3H2 −H′) v2 − 6Hvδ(1)mCS + 3Hvv′ + 2vδ(1)mCS′
−3H∇−2
(
v∇2v′ − v′∇2v − 6∂iΦ∂iv − 6Φ∇2v
)
. (E53)
16 https://github.com/coccoinomane/song
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Then we obtain
F δmCS(2)(p,q, k; η)T Φ(p, η)T Φ(q, η) = Kδm(2)SONG(p,q, k; η)− 3HKv(2)SONG(p,q, k; η)
−1
2
(p · q) [T χ(p, η)T v(q, η) + T χ(q, η)T v(p, η)]− 3 (3H2 −H′) T v(q, η)T v(p, η)
+(f − 3)H [T δmCS(p, η)T v(q, η) + T δmCS(q, η)T v(p, η)]+ 3
2
H [T v(p, η)T v(q, η)′ + T v(q, η)T v(p, η)′]
+
3
2
H
(
k21 − k22
)
k2
[T v(p, η)T v(q, η)′ − T v(p, η)′T v(q, η)]+ 9Hp · q
k2
[T Φ(p, η)T v(q, η) + T Φ(q, η)T v(p, η)]
+9
H
k2
[
q2T Φ(p, η)T v(q, η) + p2T Φ(q, η)T v(p, η)] . (E54)
Here, in Eq. (E54), we did not explicitly write the transfer functions because all the quantities should be numerically
evaluated with SONG.
Appendix F: Ma(2)
`m`pmp`qmq ¯`m¯
(k; p, q) for Eqs (45) and (51): different method
Here below we present a different way to compute Ma(2)
`m`pmp`qmq ¯`m¯
(k; p, q) for Eqs (45) and (51). Finally, using
this new approach, in Sec. F 3 we will rewrite the second-order kernel at large scales.
1. Eq. (45)
Starting from Eqs. (83) and (84), let us now write the right-hand side of Eq. (85) in a different way
1
2
∆b(2)(x, η) =
∫
d3k˜
(2pi)3
d3p
(2pi)3
d3q
(2pi)3
(2pi)3δD
(
p + q− k˜
) 1
2
F b(2)(p,q, k˜; η)T Φ(p, η)T Φ(q, η)Φp(p)Φp(q) eik˜x . (F1)
Then, if we do not apply immediately the δD(p + q − k˜) constraint on F b(2)(p,q, k˜; η), k˜ does not depend on p, q
and cos(θpq), and the second-order kernels can be expanded as
1
2
F b(2)(p,q, k˜; η) =
∑
¯`
1
2
F˜
b(2)
¯` (p, q, k˜; η) P¯`(cos(θpq)) =
∑
¯`m¯
4pi
2¯`+ 1
1
2
F˜
b(2)
¯` (p, q, k˜; η)Y¯`m¯(pˆ)Y
∗¯
`m¯(qˆ) . (F2)
Now using
(2pi)3 δD
(
p + q− k˜
)
=
∫
d3x˜ e−i(p+q−k˜)x˜
=
∑
`pmp`qmq ˜`m˜
(4pi)
3
(−1)`p+`q+mp+mq i`p+`q+˜`J`p`q ˜`(p, q, k˜) G
`p`q ˜`
−mp−mqm˜Y`pmp(pˆ)Y`qmq(qˆ)Y
∗
˜`m˜
(
ˆ˜
k) , (F3)
where
J`p`q ˜`(p, q, k˜) =
∫ ∞
0
dχ˜ χ˜2j`p(pχ˜)j`q(qχ˜)j˜`(k˜χ˜) ,
and after few simple algebraic manipulations, Eq. (F1) yields
1
2
∆b(2)(x, η) =
∑
˜`m˜`pmp`qmq ¯`m¯
(−1)m˜Y˜`m˜(n)
∫
d3p
(2pi)3
d3q
(2pi)3
{
(4pi)3i`p+`q(2¯`+ 1)−1G`p`q ˜`mpmq−m˜
∫
k˜2dk˜
2pi2
×1
2
F˜
b(2)
¯` (p, q, k˜; η)T Φ(p, η)T Φ(q, η)j˜`(k˜χ¯)J`p`q ˜`(p, q, k˜)
}
Y¯`m¯(pˆ)Y
∗
`pmp(pˆ)Y
∗¯
`m¯(qˆ)Y
∗
`qmq(qˆ)Φp(p)Φp(q) (F4)
63
and finally we find
Mα[b](2)
`m`pmp`qmq ¯`m¯
(k; p, q) = (4pi)3ℵ∗` (k)(−1)mi`p+`q(2¯`+ 1)−1G``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
∫
k˜2dk˜
2pi2
× Wα
(
χ¯, η,
∂
∂χ¯
,
∂
∂η
,
)[
1
2
F˜
b(2)
¯` (p, q, k˜; η)T Φ(p, η)T Φ(q, η)j`(k˜χ¯)
]
J`p`q`(p, q, k˜)j`(kχ¯) .
(F5)
Here below we show explicitly all the terms in Eq. (45):
Mδ
(2)
g (2)
`m`pmp`qmq ¯`m¯
(k; p, q) = (4pi)3ℵ∗` (k)(−1)mi`p+`q(2¯`+ 1)−1G``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
∫
k˜2dk˜
2pi2
×
[
1
2
F˜
δg(2)
¯` (p, q, k˜; η)T Φ(p, η)T Φ(q, η)j`(k˜χ¯)J`p`q`(p, q, k˜)
]
j`(kχ¯) , (F6)
MΨ(2)(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = (4pi)3ℵ∗` (k)(−1)mi`p+`q(2¯`+ 1)−1G``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯) [−2 (1−Q)]
∫
k˜2dk˜
2pi2
×
[
1
2
F˜
Ψ(2)
¯` (p, q, k˜; η)T Φ(p, η)T Φ(q, η)j`(k˜χ¯)J`p`q`(p, q, k˜)
]
j`(kχ¯) , (F7)
MΦ(2)(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = (4pi)3ℵ∗` (k)(−1)m+1i`p+`q(2¯`+ 1)−1G``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
[
be − 2Q− 1− H
′
H2
−2(1−Q)
χ¯H
] ∫
k˜2dk˜
2pi2
[
1
2
F˜
Φ(2)
¯` (p, q, k˜; η)T Φ(p, η)T Φ(q, η)j`(k˜χ¯)J`p`q`(p, q, k˜)
]
j`(kχ¯) ,
(F8)
MΨ(2)′(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = (4pi)3ℵ∗` (k)(−1)mi`p+`q(2¯`+ 1)−1G``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
(
1
H
)∫
k˜2dk˜
2pi2
× ∂
∂η
[
1
2
F˜
Ψ(2)
¯` (p, q, k˜; η)T Φ(p, η)T Φ(q, η)
]
j`(k˜χ¯)J`p`q`(p, q, k˜)j`(kχ¯) , (F9)
M∂‖v
(2)(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = (4pi)3ℵ∗` (k)(−1)mi`p+`q(2¯`+ 1)−1G``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
[
be − 2Q− H
′
H2 − 2
(1−Q)
χ¯H
]
×
∫
k˜2dk˜
2pi2
1
2
F˜
v(2)
¯` (p, q, k˜; η)
∂
∂χ¯
[
j`(k˜χ¯)
]
j`(kχ¯)J`p`q`(p, q, k˜) T Φ(p, η)T Φ(q, η) , (F10)
M∂
2
‖v
(2)(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = (4pi)3ℵ∗` (k)(−1)m+1i`p+`q(2¯`+ 1)−1G``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
(
1
H
)∫
k˜2dk˜
2pi2
× 1
2
F˜
v(2)
¯` (p, q, k˜; η)
∂2
∂χ¯2
[
j`(k˜χ¯)
]
J`p`q`(p, q, k˜) j`(kχ¯) T Φ(p, η)T Φ(q, η) . (F11)
2. Eq. (51)
Starting from Eq. (183), [i.e. considering only the first two additive terms of Eq. (51)] and using Eq. (F4) with
b = Φ(2) + Ψ(2) we find immediately
Mα(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = (4pi)3ℵ∗` (k)(−1)mi`p+`q(2¯`+ 1)−1G``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
∫ χ¯
0
dχ˜
∫
k˜2dk˜
2pi2
×Wa
(
χ¯, χ˜, η, η˜,
∂
∂χ˜
,
∂
∂η˜
){[
1
2
F˜
Φ(2)
¯` (p, q, k˜; η˜) +
1
2
F˜
Ψ(2)
¯` (p, q, k˜; η˜)
]
T Φ(p, η˜)T Φ(q, η˜)j`(k˜χ˜)
}
J`p`q`(p, q, k˜)j`(kχ¯) ,
(F12)
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and find
MT (2)(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = 2(4pi)3ℵ∗` (k)(−1)mi`p+`q(2¯`+ 1)−1G``p`q−mmpmq
∫
dχ¯ χ¯W(χ¯) (1−Q)
∫ χ¯
0
dχ˜
∫
k˜2dk˜
2pi2
×
[
1
2
F˜
Φ(2)
¯` (p, q, k˜; η˜) +
1
2
F˜
Ψ(2)
¯` (p, q, k˜; η˜)
]
T Φ(p, η˜)T Φ(q, η˜)J`p`q`(p, q, k˜)j`(k˜χ˜)j`(kχ¯) ,
(F13)
and
MI(2)(2)
`m`pmp`qmq ¯`m¯
(k; p, q) = (4pi)3ℵ∗` (k)(−1)m+1i`p+`q(2¯`+ 1)−1G``p`q−mmpmq
∫
dχ¯ χ¯2W(χ¯)
×
[
be − 2Q− H
′
H2 − 2
(1−Q)
χ¯H
] ∫ χ¯
0
dχ˜
∫
k˜2dk˜
2pi2
∂
∂η˜
{[
1
2
F˜
Φ(2)
¯` (p, q, k˜; η˜) +
1
2
F˜
Ψ(2)
¯` (p, q, k˜; η˜)
]
T Φ(p, η˜)T Φ(q, η˜)
}
× J`p`q`(p, q, k˜)j`(k˜χ˜)j`(kχ¯) . (F14)
Finally, for the last two additive terms of Eq. (51), Eq. (186) becomes
1
2
∆[2∂⊥S
(2)−∇2⊥T (2)](2)(x, η) = −(1−Q)
∫ χ¯
0
dχ˜(χ¯− χ˜) χ˜
χ¯
∇˜2⊥
[
1
2
Φ(2)(x˜, η˜) +
1
2
Ψ(2)(x˜, η˜)
]
= (1−Q)
∫ χ¯
0
dχ˜
(χ¯− χ˜)
χ¯χ˜
×
∑
˜`m˜`pmp`qmq ¯`m¯
(4pi)3i`p+`q(2¯`+ 1)−1(−1)m˜+1 (2)∇2 [Y˜`m˜(n)]G`p`q ˜`mpmq−m˜ ∫ d3p(2pi)3 d3q(2pi)3
{∫
k˜2dk˜
2pi2
×
[
1
2
F˜
Φ(2)
¯` (p, q, k˜; η˜) +
1
2
F
Ψ(2)
¯` (p, q, k˜; η˜)
]
T Φ(p, η˜)T Φ(q, η˜)J`p`q ˜`(p, q, k˜)j˜`(k˜χ˜)
}
Y ∗`pmp(pˆ)Y¯`m¯(pˆ)Y
∗
`qmq(qˆ)Y
∗¯
`m¯(qˆ)
× Φp(p)Φp(q) (F15)
and, using (2)∇2Y`m(n) = −`(`+ 1)Y`m(n), we find
M[2∂⊥S(2)−∇2⊥T (2)](2)
`m`pmp`qmq ¯`m¯
(k; p, q) = (4pi)3ℵ∗` (k)(−1)mi`p+`q
`(`+ 1)
(2¯`+ 1)
G``p`q−mmpmq
∫
dχ¯ χ¯W(χ¯) (1−Q)
∫ χ¯
0
dχ˜
(χ¯− χ˜)
χ˜
×
∫
k˜2dk˜
2pi2
{[
1
2
F˜
Φ(2)
¯` (p, q, k˜; η˜) +
1
2
F˜
Ψ(2)
¯` (p, q, k˜; η˜)
]
J`p`q`(p, q, k˜)j`(k˜χ˜)
}
T Φ(p, η˜)T Φ(q, η˜)j`(kχ¯) . (F16)
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3. F˜
b(2)
¯` (p, q, k˜; η)
Now, using the results in Sec. E 2 a, we obtain immediately
F˜
Φ(2)
` (p, q, k˜; η) =
[
3− 2 a
ain
Din
D
(
fNL +
5
6
)
+
2
3
f2
Ωm
]
δK`0 +
2
3
1
Ωm
p qδK`1
+12
(
2− 5
3
a
ain
Din
D
+
2
3
f2
Ωm
)
F˜Θ` (p, q, k˜)−
4
3
(1 + F/D2)
Ωm
F˜Ξ` (p, q, k˜) , (F17)
F˜
Ψ(2)
` (p, q, k˜; η) =
[
−1− 2 a
ain
Din
D
(
fNL +
5
6
)
+
2
3
f2
Ωm
]
δK`0 +
2
3
1
Ωm
p qδK`1 + 12
(
1− 5
3
a
ain
Din
D
)
F˜Θ` (p, q, k˜)
−4
3
(1 + F/D2)
Ωm
F˜Ξ` (p, q, k˜) , (F18)
F˜
v(2)
` (p, q, k˜; η) =
2
3
f
HΩm
[
1 + 2
a
ain
Din
D
(
fNL − 5
3
)]
δK`0 −
4
9
f
H3Ω2m
p q δK`1 − 8
f
HΩm F˜
Θ
` (p, q, k˜)
+
8
9
F ′
D2H4Ω2m
F˜Ξ` (p, q, k˜) , (F19)
F˜
δmCS(2)
` (p, q, k˜; η) =
4
3
1
H2Ωm
a
ain
Din
D
[
fNL
(
p2 + q2
)
δK`0 + 2
(
fNL +
5
12
)
p q δK`1
]
+
8
27
1
H4Ω2m
p2 q2
[(
2 +
F
D2
)
δK`0 +
(
1− F
D2
)
δK`2
]
, (F20)
F˜
∇2δmCS(2)
` (p, q, k˜; η) = −k˜2F˜ δmCS(2)` (p, q, k˜; η) , (F21)
F˜
δg(2)
` (p, q, k˜; η) = b10F˜
δmCS(2)
` (p, q, k˜; η)− (be − 3)HF˜ v(2)` (p, q, k˜; η) + b∇2δF˜∇
2δmCS(2)
` (p, q, k˜; η)
+
{
4b02
9Ω2m
(
f +
3
2
Ωm
)2
+
4f2
9Ω2m
[
(be − 3)2 + ∂be
∂ ln a
]
+
2f
3Ωm
(be − 3)(1− f)
− 8f
9HΩ2m
(
f +
3
2
Ωm
)
[b′01 +H(be − 3)b01] +
4b20
9H4Ω2m
p2 q2 +
[
− 2f(be − 3)
Ωm
1
k˜2
− 4f
2b10
9H2Ω2m
− 4f
9H3Ω2m
[b′10 +H(be − 3)b10] +
4b11
9H2Ω2m
(
f +
3
2
Ωm
)
− 4f
9H3Ω2m
[b′∇2δ +H(be − 3)b∇2δ]
− 4bδ∇2δ
9H4Ω2m
p2 q2
]
p q
(
p
q
+
q
p
)
+
4b(∇2δ)2
9H4Ω2m
p4 q4 +
4f2b∇2δ
9H3Ω2m
p2 q2
(
p2
q2
+
q2
p2
)}
δK`0
+
[
− 4f(be − 3)
Ωm
1
k˜2
+
8b01
9H2Ω2m
(
f +
3
2
Ωm
)
+
4b10
9H4Ω2m
p q
(
p
q
+
q
p
)
− 8b(∂δ)2
9H4Ω2m
p2 q2
− 4b∇2δ
9H4Ω2m
p2 q2
(
p2
q2
+
q2
p2
)]
p qδK`1 +
3
2
bs2δ
K
`2 . (F22)
Finally for F˜Θ` (p, q, k˜) & F˜
Ξ
` (p, q, k˜) we find
F˜Θ` (p, q, k˜) =
1
4
[
−1
6
− 1
3
p q
k˜2
(
p
q
+
q
p
)
+
1
2
p2 q2
k˜4
(
p
q
− q
p
)2]
δK`0 , (F23)
F˜Ξ` (p, q, k˜) =
{
1
8
(
p
q
+
q
p
)
+
1
2
p2 q2
k˜2
[
1− 1
4
(
p
q
+
q
p
)2]}
δK`0 −
1
4
δK`1 . (F24)
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